EXISTENCE, UNIQUENESS, AND GLOBAL REGULARITY FOR 
DEGENERATE ELLIPTIC OBSTACLE PROBLEMS IN MATHEMATICAL 

FINANCE 



PANAGIOTA DASKALOPOULOS AND PAUL M. N. FEEHAN 

Abstract. The Heston stochastic volatihty process, which is widely used as an asset price model 
in mathematical finance, is a paradigm for a degenerate diffusion process where the degeneracy 
in the diffusion coefficient is proportional to the square root of the distance to the boundary of 
the half-plane. The generator of this process with killing, called the elliptic Heston operator, is a 
second-order degenerate elliptic partial differential operator whose coefficients have linear growth 
in the spatial variables and where the degeneracy in the operator symbol is proportional to the 
distance to the boundary of the half-plane. With the aid of weighted Sobolev spaces, we prove 
existence, uniqueness, and global regularity of solutions to stationary variational inequalities and 
obstacle problems for the elliptic Heston operator on unbounded subdomains of the half-plane. In 
mathematical finance, solutions to obstacle problems for the elliptic Heston operator correspond 
to value functions for perpetual American-style options on the underlying asset. 
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1. Introduction 

We consider questions of existence, uniqueness, and regularity of solutions, n : — t- M, to the 
obstacle problem 

min{An — /, ti — ^} = a.e. on ^, u = g on Fi, (1-1) 

where C H is a possibly unbounded domain in the open upper half-plane H := M^^^^ x (0,oo) 
(where d > 2), Fi = di^TiM is the portion of the boundary c^^? of which lies in H, / : ^ — )• M is 
a source function, the function g : ^UFi — )• M prescribes a Dirichlet boundary condition along Fi 
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and : ^UFi — )■ M is an obstacle function which is compatible with g in the sense that ip < g on 
Ti, while A is an elliptic differential operator on 0" which is degenerate along the interior, Tq, of 
{y = 0} n dff and which we require to non-empty throughout this article. However, no boundary 
condition is prescribed along Tq. Rather, we shall see that the problem (jl.ip is well-posed when 
we seek solutions in suitable function spaces which describe their qualitative behavior near the 
boundary portion Tq: for example, continuity of derivatives up to Tq via suitable weighted Holder 
spaces (by analogy with [22]) or integrability of derivatives in a neighborhood of Tq via suitable 
weighted Sobolev spaces (by analogy with [55] )• In this article, we set d = 2 and choose A to 
be the generator of the two-dimensional Heston stochastic volatility process with killing [38], a 
degenerate diffusion process well known in mathematical finance and a paradigm for a broad class 
of degenerate Markov processes, driven by d-dimensional Brownian motion, and corresponding 
generators which are degenerate elliptic integro-differential operators: 

Av := -| {vxx + 2pavxy + o-'^Vyy) - {r - q - y/2)vx - k{9 - y)vy + rv, v € C°°(]HI). (1.2) 

Throughout this article, the coefficients of A are required to obey 

Assumption 1.1 (Ellipticity condition for the Heston operator coefficients). The coefficients 
defining A in (II. 2p are constants obeying 

(t/0,-1<p<1, (1.3) 

and K > 0, 6 > 0, r > 0, and g' > 0. 

Remark 1.2 (A change of variables and the Heston operator coefficients). With the aid of 
simple affine changes of variables on which maps (H, dM) onto (H, dM.) (Lemma l2.2p . we can 
also arrange that the combination of coefficients, bi = r — q — K9p/a, is zero and, unless stated 
otherwise, we shall rely this fact (Assumption 12.5]) when convenient throughout our article; the 
constant bi is one of the coefficients of the derivative, Ux, appearing in the bilinear form, a(-, •) 
(Definition 12. 22p . associated with the operator A. 

A recent citation search revealed that almost 900 article^ in scientific journals cite the sto- 
chastic volatility model proposed by Steven Heston in [l8] and even this may not include articles 
on related stochastic volatility models or unpublished technical reports by researchers at industry 
financial engineering groups. The widespread use of degenerate stochastic processes in financial 
engineering highlights the need to address a circle of unresolved fundamental questions concerning 
degenerate Markov processes and related obstacle and boundary value problems. As we describe 
in 312] and m.5\ important questions regarding existence, uniqueness, and regularity of solutions 
to problem (II. 1|) or problem (II. 4p below have not been addressed thus far in the literature on 
degenerate partial differential operators. 

In mathematical finance, a solution u to the elliptic obstacle problem (jl.ip when / = can be 
interpreted as the value function for a perpetual American- style option with payoff function given 
by the obstacle function, i/^, while a solution u to the corresponding parabolic obstacle problem 
on X [0,T], with < T < oo, can be interpreted as the value function for a finite-maturity 
American-style option with payoff function given by a terminal condition function, /i : ^ — )• M, 
which typically coincides on ^ x {T} with the obstacle function, ■0. For example, in the case 
of an American-style put option, one chooses 'tp{x,y) = {E — e^)"*", {x,y) € ^, where -E > is 
a positive constant. This class of obstacle problems may be generalized further by considering 
problems with two obstacles, such as upper and lower obstacle functions, "01 and ^^2 [12], [81] . 



A Thompson-Reuters Web of Knowledge [85] citation search performed on June 16, 2011 yielded 883 references. 
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To provide a stepping-stone to a solution to the obstacle problem, we shall first need to consider 
questions of existence, uniqueness, and regularity of solutions to the elliptic boundary value 
problem, 

Au = f a.e. on u = g on Fi. (1-4) 

Like problem ()l.ip . we will see that (II. 4p is well-posed without a boundary condition along To 
when we seek solutions in suitable weighted Holder or weighted Sobolev spaces. While solutions 
to ()1.4p do not have an immediate interpretation in mathematical finance, a solution, u, to 
the corresponding parabolic boundary value problem on ^ x [0, T] can be interpreted as the 
value function for a European- style option with payoff function given by a terminal condition 
function, /i : ^ — )• M. For example, in the case of a European-style put option, one chooses 
h{x,y) = {E-e^)+,{x,y) G ff. 

1.1. Summary of main results. We shall state a selection of our main results here and then 
refer the reader to our guide to this article in ^l.Sl for more of our results on existence, uniqueness 
and regularity of solutions to variational equations and inequalities and corresponding obstacle 
problems. We shall seek solutions to (jl.ip in the weighted Sobolev space (see Definitions 12.151 
and [120]) 

H^{ff,xv) = {u€ L^{^,tv) : {1 + yf^^u, {1 + y)\Du\,y\D^u\ G L'^iff,Xv)}, 

where the domain is as in Definition 12.61 Du = {ux,Uy), D^u = {uxx:Uxy,Uyx,Uyy), all deriva- 
tives of u are defined in the sense of distributions, and 

= {y^lD^ul"^ + (1 + + (1 + y)u^) m dxdy, 

with weight function tv : HI — )• (0, oo) given by 

tt)(x,y) = /-V^N-'^^ ix,y)em, 

where /3 = 2k0/cj^, jj. = 2k /a'^, and < 7 < 70, where 70 depends only on the constant coefHcients 
of A in (fL2]l . 

1.1.1. Existence, uniqueness, and regularity of solutions to the obstacle problem. We first summa- 
rize our main results concerning the obstacle problem (jl.ip . Because the bilinear form (Definition 
I2.22P defined by the operator A is non-coercive, the domain is unbounded, the coefficients of A 
are unbounded, and the Rellich-Kondrachov compact embedding theorem does not always hold 
for weighted Sobolev spaces or unbounded domains, we shall need to seek solutions when the 
source function obeys certain pointwise growth properties. Therefore, we introduce the 

Definition 1.3 (Admissible envelope functions for the obstacle problem). Given g, V' £ H'^{&, to), 
we call M, m G H'^{0', to) a pair of admissible envelope functions for the obstacle problem (II. ip if 

m<g<M onVi, m < M on ff, Am < AM a.e on ff, and ^ < M on i^, 

and M, m obey 

il + yfM,{l + yfmeL\ff,tv), 
(1 + y)^/^M, (1 + 2/)V2^ G L'?(^, tr), 

for some q > 2. 
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Definition 1.4 (Admissible source function for the obstacle problem). Given M,m £ H'^{ff,m), 
we call / G L'^{i^,tt)) an admissible source function for the obstacle problem (jl.ip if 

Am < f < AM a.e on ff, 

{l + y)f eL\ff,w). 

In order to prove uniqueness of solutions to the non-coercive variational equation (Problem 
I2.35P corresponding to (|1.4p or inequality (Problem 14. 3p corresponding to (jl.ip . we shall need the 
following auxiliary 

Definition 1.5 (Barrier function for uniqueness of solutions). Given M,m,g G H'^{0',n}), we 
call if G i?^(^, It)) a barrier function for the operator A on the domain if 

Aip > Ag a.e. on 0", A{m + ip) > 2Ag a.e. on ^, and > 5 on Fi, 
(l + y)(^GL2(^,lt,) and {I + y)'/^^ e L'^{i^,w), 

{l + y){M + ip-2g){x,y) 
ess sup — < oo. 

ix,y)ei^' A{jn + ip-2g){x,y) 

Theorem 1.6 (Existence and uniqueness of solutions to the obstacle problem). Assume that 
the constant r in (jl.2p is strictly positive and that the domain G obeys Hypothesis \5.1(A Given 
g,ip £ i?^(^, tt)) which are compatible in the sense that, 

ip < g on Fi, 

let M,m G H'^{ff,w) be a pair of admissible envelope functions in the sense of Definition \T7M 
and, in addition, require that g, ip obey 

(l + 2/)i/2^GL^(^,tt)) and {I + yf'^g,{l + y)ij ^ H\& ,^), 

for some q > 2. Let f G L^(^, tv) be an admissible source function in the sense of Definition \1.3l 
Furthermore, require that there is a barrier function ip G //^(^, ro) obeying (jl.Sp . Then there 
exists a unique solution u G H'^{ff,tv) to (jl.ip . (1 + y)'^u G L?'{i?,Xo), and u obeys 

max{m, ^} < n < Af on ff, 
y^ipux + o'Uy) = (trace sense), 

and there is a positive constant C depending only on the constant coefficients of A and the 
constants in Hypothesis \ 2. 9\ prescribing the geometry of the boundary, Ti, such that 

+ + yf^'9\\ 
+ \\{'^ + y)Hm{0,w) + Wi'^ + yfAv^iGM) ■ 

Remark 1.7 (References to hypotheses in the body of the article). The hypotheses in Theorem 
11.61 in addition to those on the domain, 0", summarize the conditions (j3.39p and (j4.ip . together 
with Hypotheses ESI [3l^ [3T4l [4241 Oil [4351 and [64(11 except that here we allow g to be 
non-zero on Fi. The hypotheses on g arise from the reduction of the inhomogeneous Dirichlet 
boundary condition, u = g onVi, to the homogeneous case by subtracting g from tl^, M,m,(p,u 
and subtracting Ag from /. 

Remark 1.8 (Properties of the solution near the boundary portion Fq). According to Lemma 
IA.32[ the "weighted Neumann property" for u on the boundary portion Fq asserted in Theorem 
II. 6[ that y^{pux + cruy) = (trace sense), is equivalent to 

y^ipux + auy) -^0 in L^Fq, e"'^''^' dx) as y I 0. 
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In a sequel to this article, we shall show that under suitable additional regularity hypotheses on 
the source function, /, the solution, n, is at least up to Tq and this trivially implies that the 
weighted Neumann property for u on Tq is obeyed. 

Remark 1.9 (Example of an admissible domain). A simple example of a domain obeying the 
conditions of Hypothesis 12.71 is = {xo,xi) x (0,oo), where — oo < xq < 2:1 < 00, with Tq = 
{xq,xi) X {0} and Fi = {xq,xi} x (0,oo). 

Remark 1.10 (Examples of functions M,m, ip, f, g obeying the hypotheses). See Lemmas 13.101 
and l3.25l for a broad class of non-trivial examples of functions M, m, ip, f, g obeying the hypotheses 
of Theorem 11.61 

Remark 1.11 (Local regularity of solutions). In applications to mathematical finance, the 
obstacle function, ip, is typically only Lipschitz (for example, ip{x^y) = [E — x)'^) and only in 
i?^('^,tt)) for some possibly unbounded subdomain ^ . Theorem 16.141 provides a local 
version of Theorem 11.61 and shows that u € H'^{'^' ,tv) for subdomains C 

Theorem 1.12 (Regularity of solutions to the obstacle problem in the interior and up to the 
boundary portion Fi). Assume the hypotheses of Theorem \1.6\ and, for 2 < p < 00, that 

/GL^„,(€?UFi) and g,i^ e Wf^^i^^ UTi). 

Then u G Wf^l{0 U Fi) and, if a = 1 - 2/p, then u G C;^j"(^ U Fi). 

Theorem 1.13 (Optimal interior regularity of solutions to the obstacle problem). Assume the 
hypotheses of Theorem \1.6\ and, for < q < 1 , that 

feCZci^UTi) and g,i;eCUffUTi). 

Then u G Ci'^(^). 

Remark 1.14 (Local C^'^ regularity of solutions). If i/j is only on a relatively open subset of 
Fi, then Theorem 1 1 . 1 3 1 mav be localized as described in Corollarv 16.211 

Remark 1.15 (Optimal interior regularity of solutions to the obstacle problem). It is well-known 
that the best possible regularity of a solution, n, to an elliptic obstacle problem is u G C^'^{0) = 
^lo'c^('^)' 6ven when the source, boundary data, and obstacle functions and domain boundary are 
C°°. A simple, explicit one-dimensional example from mathematical finance which illustrates this 
phenomenon (albeit with a Lipschitz obstacle function) is provided by the perpetual American- 
style put option when the underlying asset process is geometric Brownian motion with drift |89t 
§8.3]. For the open subset ^{u) := {u > ip} C where An = f, we expect the solution, u, to be 
C°° on 'r(u) when / is C°° on 0. 

Remark 1.16 (Optimal regularity of solutions to the obstacle problem up to the boundary 
portion Fi). If we strengthened the compatibility condition -0 < 51 on Fi to ^ < (7 on Fi, then 
[86l Corollary 6.3] would yield u G C/„'^^(^ U Fi). 

Remark 1.17 (Extensions of preceding results in sequels to this article). See §1.31 for a survey 
of our research on extensions and applications of Theorems 11.61 11-121 and 11.131 in sequels to this 
article. 
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I. 1.2. Existence, uniqueness, and regularity of solutions to the boundary value problem. Next, we 
summarize our main results concerning the boundary value problem (jl.4p . When ^ = H, it is 
possible to construct the fundamental solution in terms of confluent hyper geometric functions us- 
ing the Fourier-Laplace transform (see, for example, [M]) or by making use of the affine structure 
of the coefficients and adapting the method of Heston |48j (see also However, while explicit 
formulae for the fundamental solution are important, they alone provide little insight into the 
boundary behavior of solutions to (II. 4p or questions of well-posedness for ()1.4p or the existence 
of Green's functions when is replaced by even relatively simple domains such as a quadrant, 
M"*" X M"*", or infinite strip, {xq,xi) x M+. 

As in the hypotheses of Theorem 11.61 we require the existence of certain admissible envelope 
functions, M, m G if^(^. Id) compatible with g G H'^{ff,tti), a source function, / G L^(^, ro), 
with admissible growth, and a barrier function, ip G H'^{i^,tv). However, the requirements are 
simpler. 

Theorem 1.18 (Existence and uniqueness of solutions to the boundary value problem). Assume 
that the constant r in (II. 2p is strictly positive and that the domain G obeys Hypothesis \5.16l Let 
f G L^(^, ro) and g G H'^{ff,tt)). Suppose there are functions M,m £ H'^{i^,ix)) such that 

m < g < M on Ti, m < Ad on ff, and Am < f < AM a.e on G ^ 

and M, m, f , and g obey 

(l + y)M,(l + y)m,(l+y)i/2/Gi'(^,tt)) and {I + y)'/^g e H^{G,w), 

then there exists a solution u G H^{ff,to) to (jl.4p . (1 + y)u G L^(^, tt)), and u obeys 

m < u < M on G ^ 

y^ipux + f^Uy) = (trace sense), 

and there is a positive constant, C , depending only on the constant coefficients of the operator, 
A, and the constants in Hypothesis \2. 9\ prescribing the geometry of the boundary, Ti, such that 

\H\HHe,w) < C (||(1 + y)^/VllL2(^» + 11(1 + y)^/^9lk2(^» + 11(1 + yML^{ff,w)) ■ 
If there is a function ip G H'^{^,w) obeying (jl.Sp . then the solution u is unique. 

Remark 1.19 (References to hypotheses in the body of the article). The hypotheses in Theorem 

II. 181 ill addition to those on the domain, ^, summarize the conditions ()3.39p . (I5.4ip . and ()4.54p . 
together with Hypotheses 13.81 13.141 13.151 and 14.351 except that here we allow g to be non-zero 
on Ti. The hypotheses on g arise from the reduction of the inhomogeneous Dirichlet boundary 
condition, u = g onTi, to the homogeneous case by subtracting g from M, m, ip, u and subtracting 
Ag from /. 

Remark 11.81 also applies to the solution u provided by Theorem 11.181 

Theorem 1.20 (Regularity of solutions to the boundary value problem). Assume the hypotheses 
of Theorem \1.18\ and also assume f G Ll^^{0' U Fq) and g G W^^of (^ U Fq), for some q > 2 + /3. 
Then the solution u to ()1.4p provided by Theorem \l. 18\ is in Cf^^{ffUTi)riCioci^), for a G (0, 1). 
// in addition, f G Cf^^{ff U Fi) and g G Cf^'^'"'{i^ U Fi) for an integer k > 0, and the boundary 
portion Ti is 

C'^+^.Q^ ^/jgjj ^/jg solution u lies in Cf+^'"(^ U Fi) n Cioc{,&). 

Remark 1.21 (Extensions of preceding results in sequels to this article). See §1.3l for a survey of 
our research on extensions and applications of Theorems 11.181 and 11.201 in sequels to this article. 
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1.2. Survey of previous research in degenerate boundary value and obstacle prob- 
lems. Questions of existence, uniqueness, and regularity of solutions to "standard" obstacle 
problems (for example, bounded domains with smooth boundary, uniformly elliptic differential 
operators with smooth coefficients, bounded and smooth functions, and smooth boundary data) 
are addressed by Bensoussan and Lions [5], Friedman [32], Kinderlehrer and Stampacchia |54j . 
Petrosyan, Shagholian, and Uralt'seva [HI], Rodrigues [86], and Troianello [93], and elsewhere. 
Bensoussan and Lions ^ provide a comprehensive treatment of both standard problems and 
certain extensions which allow, in certain cases and combinations, for unbounded domains and 
non-coercive operators. However, as we shall see, the features apparent in (II. ip present a par- 
ticular combination of difficulties which, as far as we can tell, is not addressed in the literature. 
These difficulties include the 

(1) Degeneracy of the operator. A, along the domain boundary portion Lq, 

(2) Non-coercivity of the bilinear form, a{-, •), associated with A, 

(3) Unboundedness of the domain, i^, 

(4) Unboundedness of the coefficients of A, 

(5) Lipschitz regularity of the obstacle function, ip, and 

(6) Corner points of the domain where the boundary portions Tq and Fi meet. 

We also allow the source function, /, Dirichlet boundary data function, g, and obstacle function, 
ip, to be unbounded. While these choices do present some additional difficulties, these functions 
are often bounded in typical applications. Also, though the points of dff where Lq and Fi meet 
are geometric corner points, we know from [22] that because A is degenerate along Fq, we may 
consider, in a certain sense, the boundary portion, Fq, to be an "interior" subset of the domain, 

1.2.1. Degenerate partial differential equations. We next provide a brief survey of some of the 
literature relevant to problems (jl.ip and p.4p . Earlier research treating existence, uniqueness, 
and regularity problems for degenerate elliptic or parabolic partial differential equations includes 
the articles by Fichera [36], Glushko and Savchenko [45], Kohn and Nirenberg [56], McKean [74j . 
Murthy and Stampacchia [76], Stroock and Varadhan [92], and monographs such as those of 
Drabek, Kufner, and Nicolosi [25], Preidlin [39], Friedman [IT], Levendorskii [67], and Olemik 
and Radkevic [80]. The accumulation of related research in this field has become vast and we 
will not attempt to survey it comprehensively here except to note that the hypotheses required 
by the main theorems in well-known articles such as |56^ [76] either exclude problems such as 
(jl.4p because their hypotheses are too restrictive or yield conclusions which are not as strong as 
Theorem 11.181 

More recently, the porous medium equation — a degenerate, quasi-linear parabolic partial 
differential equation — has stimulated development of the theory of regularity of solutions to 
degenerate partial differential equations. The C°°-regularity of solutions up to the boundary and 
the C°°-regularity of the "free boundaries" in porous medium problems has been proved by P. 
Daskalopoulos and her collaborators [22l[23] using weighted Holder spaces defined by a "cycloidal" 
Riemmianian metric on the upper half-plane and independently by Koch [55] using a combination 
of weighted spaces and weighted Holder spaces defined by the cycloidal metric. (Note, however, 
that free boundaries in porous medium problems are not necessarily free boundaries in the sense 
of obstacle problems.) The linearization of the porous medium equation has a structure which 
is similar to the (parabolic) Heston equation [22[ [55], and so research on the porous medium 
equation is especially relevant to problems (jl.ip and (II. 4p . We shall not use weighted Holder 
spaces in this article, although we shall in sequels focusing on regularity near the boundary 



EXISTENCE, UNIQUENESS AND REGULARITY FOR OBSTACLE PROBLEMS 



9 



portion, Tq, of solutions to (jl.ip or (|1.4p . The weights defining our weighted Sobolev spaces 
use the same powers of the distance to the boundary portion, Tq, as those employed by Koch, 
but we also include exponential decay factors which ensure that the upper half-plane, H, has 
finite volume with respect to the measure defined by our weight function, ro. Our development 
of the relevant weighted Sobolev space theory is more comprehensive than that of |55j and our 
application differs from [55] in many significant aspects because we allow (i) unbounded domains, 
0', (ii) non-coercive operators, A, (iii) unbounded lower-order coefficients in A, and (iv) non- 
empty boundary portions, Ti. 

While there is considerable body of literature on linear degenerate elliptic or parabolic partial 
differential equations, much of that concerns operators obeying Hormander's hypoellipticity con- 
dition, which is not obeyed by the Heston operator. A; see, for example, Lunardi [70] and Priola 
[84]. Research on the existence and uniqueness theory for elliptic or parabolic partial differential 
equations with unbounded coefficients includes that of Krylov and Priola [59] and the references 
contained therein. 

Recent investigations using probability methods in the mathematical finance literature and 
focusing on fundamental questions of existence, uniqueness, and global regularity of solutions to 
the associated parabolic terminal/boundary value problem are due to Bayraktar and Xing [7], 
Constanzino, Nistor and Mazzucato and their collaborators [18\ I20j . and Ekstrom, Tysk, and 
Janson [30l [29l El] . 

1.2.2. Variational inequalities and obstacle problems for degenerate differential operators. Recent 
work on obstacle problems, not directly concerned with finance, includes that of Blanchet, Dol- 
beault, and Monneau [10], Caffarelli [111 I12j . Caffarelli, Petrosyan, and Shahgholian [TJ], and 
Caffarelli and Salsa [15]. While obstacle problems have been considered for certain degenerate 
elliptic and parabolic problems in [H], the cases considered do not fully cover problems of interest 
in finance such as those defined by the Heston operator. 

Recent work, with application to option pricing, on evolutionary variational inequalities and 
obstacle problems includes that of Bayraktar and Xing [6] , Chadam and Chen [16^ [T7] , Ekstrom 
and Tysk [271 EE] , Laurence and Salsa [65] , Nystrom [TTJ [78] , and Petrosyan and Shahgholian [82] . 
Previous work on degenerate evolutionary variational inequalities and obstacle problems includes 
Mastroeni and Matzeu [72^ I73j and Touzi [93]. In the case of obstacle problems for hypoelliptic 
operators see, for example, the work of DiFrancesco, Frentz, Nystrom, Pascucci, and Polidoro 
[Ml [401 [79]. 

1.2.3. Mild solutions and viscosity solutions. Some researchers have established existence, unique- 
ness, and regularity results — for more flexible notions of solutions — to degenerate variational 
inequality or obstacle problems. For example, Barbu and Marinelli [1] have established such 
results for mild solutions to a class of such problems, while Lee [66] and Savin [88] have obtained 
results on the existence, uniqueness, and regularity of viscosity solutions [21] to obstacle problems 
involving the Monge- Ampere operator. However, the primary focus of our research — in this ar- 
ticle and its sequels — is on the existence and uniqueness of solutions to variational equations 
and inequalities, interpreted as weak solutions to boundary value and obstacle problems, and the 
regularity theory required to prove existence and uniqueness of classical solutions to boundary 
value and obstacle problems defined by degenerate elliptic-parabolic operators. 

1.3. Further research and applications to probability and mathematical finance. We 

briefly summarize work in progress or near completion on extensions of results of this article to 
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elliptic and parabolic obstacle problems defined by generators of degenerate diffusion processes 
and motivated by option valuation problems in mathematical finance. 

1.3.1. Regularity of solutions to elliptic obstacle problems. In a sequel to this article, we augment 
Theorem 1 1 . 1 3 1 by proving that the solution, u, is continuous up to the boundary dff and then that 
u G C'ioc(^) by adapting the weighted Holder space methods of [22]. We achieve this regularity 
result even when the obstacle function, -0, is only Lipschitz by adapting arguments of Laurence 
and Salsa [65]. In addition, we augment Theorem 11.201 bv proving that the solution, u, is in 
^\oc^^)i by adapting the weighted Holder space methods of [22] . 

1.3.2. Existence, uniqueness, and regularity of solutions to parabolic obstacle problems. In a sequel 
to this article, we also consider evolutionary variational inequalities and obstacle problems for 
the parabolic Heston operator, —dt + A, and prove analogues of Theorems 11.61 and 11.131 together 
with analogues of Theorems 11.181 and 11.201 in the case of evolutionary variational equations and 
terminal/boundary value problems. 

1.3.3. Geometry and regularity of the free boundary. The free boundary, F{u) := 6 ^ d'rf{u), in 
an obstacle problem is the boundary of the open subset '^{u) of the domain ^ where the solution 
is strictly greater than the obstacle function, u > ip, and equality holds in the partial differential 
inequality. Motivated by the beautiful results of Laurence and Salsa [65] in the case of the 
non-degenerate, multi-dimensional geometric Brownian motion with drift, we use a combination 
of probabilistic and analytical methods to determine the geometry and regularity of the free 
boundary defined by the obstacle problem for the parabolic Heston operator. 

1.4. Extensions to degenerate operators in higher dimensions. The Heston stochastic 
volatility process and its associated generator serve as paradigms for degenerate Markov processes 
and their degenerate elliptic generators which appear widely in mathematical finance. 

1.4.1. Degenerate diffusion processes and partial differential operators. Generalizations of the 
Heston process to higher-dimensional, degenerate diffusion processes may be accommodated by 
extending the framework developed in this article and we shall describe extensions in a sequel. 
First, the two-dimensional Heston process has natural d-dimensional analogues [37] defined, for 
example, by coupling non-degenerate {d— l)-diffusion processes with degenerate one-dimensional 
processes [191 [7T1 [96] . Elliptic differential operators arising in this way have time-independent, 
affine coefficients but, as one can see from standard theory [H] [ST] [58l [68] and previous work 
of Daskalopoulos and her collaborators \22\ [23] on the porous medium equation, we would not 
expect significant new difficulties to arise when extending the methods and results of this article 
to the case of higher dimensions and variable coefficients, depending on both spatial variables 
and time and possessing suitable regularity and growth properties. 

1.4.2. Degenerate Markov processes and partial- integro differential operators. The Heston pro- 
cess also has natural extensions to d-dimensional degenerate afhne jump-diffusion processes with 
Markov generators which are degenerate elliptic partial-integro differential operators. A well- 
known example of such a two-dimensional process is due to Bates |5] and the definition of this 
process has been extended to higher dimensions by Dufhe, Pan, and Singleton [26]. Stationary 
jump diffusion processes of this kind and their partial-integro differential operator generators 
naturally lie within the framework of Feller processes and Feller generators [491 [50] [51] , where the 
non-local nature of the partial-integro differential operators provides new challenges when con- 
sidering obstacle problems; see [13] for recent research by Caffarelli and Figalli in this direction. 
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1.5. Mathematical highlights and guide to the article. For the convenience of the reader, 
we provide a brief outline of the article. We begin in f|2] by defining the weighted Sobolev spaces 
and Holder spaces we shall need throughout this article, discuss the equivalence between weak and 
strong solutions, and derive the key energy estimates for the bilinear form defined by the Heston 
operator (Propositions 12.361 and I2.4U|) . In ^ we establish existence and uniqueness of solutions 
to the variational equation for the elliptic Heston operator (Theorem 13. 16p . In ^ we adapt the 
methods of Bensoussan and Lions [HI Chapter 3, §1] to prove existence and uniqueness of solutions 
to the non- linear penalized equation (Theorem 14. ISp . a coercive variational inequality (Theorem 
I4.28p . and finally the non-coercive variational inequality (Theorem 14.360 corresponding to the 
obstacle problem (jl.ip . In ^ we prove H'^{ff,w) regularity and a priori H'^{ff,tt)) estimates 
for solutions to the variational equation corresponding to (11. 4p (Theorem I5.17P together with 
Holder continuity of solutions on (Theorem I5.20p . Theorem 11.181 is proved at the end of §5.41 
while Theorem 11.201 is proved at the end of §5.51 Finally, in ^ we prove H'^{ff,w) regularity 
for solutions to the variational inequality corresponding to the obstacle problem (II. ip (Theorem 
16. lip . Theorem 11.61 is proved at the end of §6.21 while Theorems 11.121 and 11.131 are proved at the 
end of §6.4[ Because the obstacle function is often not in iJ^(^, tn), we extend Theorem 16.111 to 
the case where the obstacle function is only in i?^(^, to) for some open subset ^ & (Theorem 
I6.14p . With the aid of additional hypotheses on the source and obstacle functions, we obtain 
C^'°, and C^'^ regularity of the solution ( Theorem 16 . 1 8 1 and Corollaries 16.201 and 16.21 p . 
Appendix [A] contains the proofs of our results for our weighted Sobolev spaces and which 
underpin the methods of this article in an essential way; Appendix [B] describes a few simple 
consequences of the Lax-Milgram theorem which we use repeatedly; Appendix [Cl summarizes an 
example illustrating subtleties in the boundary behavior of solutions to the elliptic Cox-Ingersoll- 
Ross equation, and thus the Heston equation, near the boundary portion, Fq. 



1.6. Notation and conventions. In the definition and naming of function spaces, including 
spaces of continuous functions. Holder spaces, or Sobolev spaces, we follow Adams [2] and alert 
the reader to occasional differences in definitions between [2] and standard references such as 
Gilbarg and Trudinger [Uj or Krylov |57l [58] . These differences matter when the domain, G ^ 
is unbounded, as we allow throughout this article. For the signs attached to coefficients in our 
differential operators, we follow the conventions of Bensoussan and Lions [8] and Evans |31] . 
keeping in mind our interest in applications to probability, and noting that their sign conventions 
are often opposite to those of [S]. We denote M+ := (0, oo), M+ := [0, oo), HI := M x M+, and 
H := M X ]R_|_. For x E M, we set x"*" = max{a;,0}, x~ = — min{x,0}, so x = x"*" — x~ and 
|x| = x"*" + x~, a convention which differs from that of [441 §7.4]. When we label a condition an 
Assumption, then it is considered to be universal and in effect throughout this article and so not 
referenced explicitly in theorem and similar statements; when we label a condition a Hypothesis, 
then it is only considered to be in effect when explicitly referenced. 
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tic volatility models and the Heston model in mathematical finance and encouraging his initial 
research on the Heston partial differential equation. He is grateful to Bruno Dupire, Pat Hagan, 
Peter Laurence, Victor Nistor, and Sergei Levendorskii for helpful conversations and references. 
He especially thanks his Ph.D. student, Camelia Pop, for many useful discussions on degenerate 
partial differential equations and diffusion processes. 
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2. Energy estimates 

We begin in ^2.11 by describing our assumptions on the Heston operator coefficients together 
with a simple affine change of coordinates which preserves the structure of the Heston operator 
but ensures that certain combinations of coefficients can be assumed to be zero without loss of 
generality (Lemma l2.2p . simplifying the derivation of certain estimates throughout this article. In 
§2.21 we describe the weighted Sobolev spaces (Definitions 12.151 and I2.20p we shall need in order 
to prove existence of solutions to variational equations and inequalities defined by the Heston 
operator, together with higher regularity properties. In §2.31 we define the bilinear form associated 
with the Heston operator (Definition 12.22^ , establish an integration by parts formula (Lemma 
I2.23p . and discuss when solutions to variational equations may be interpreted as strong solutions 
to a boundary value problem for the Heston partial differential operator (Lemma 12. 29p . In §2.4( 
we derive the key bilinear form estimates we will need, namely, a Garding inequality (Proposition 
I2.36P and a continuity estimate (Proposition I2.40p . We conclude in §2.51 by deriving certain 
additional bilinear form identities and commutator estimates which we will need throughout this 
article. 

2.1. Heston operator coefficients and a change of variables. It will be convenient to define 
the constants 

p := — TT- and /i := — ^, (2.1) 

oi := and bi := r — q . (2.2) 

(T 2 a 

The interpretation of is discussed in [33], while the role of ai,&i is explained in Definition 

[2:221 

Remark 2.1 (Interpretation of the coefficients). The conditions on the coefficients ensure /3 > 
and so the Heston stochastic process and solutions to the partial differential equations and obstacle 
problems will have tractable behavior. In mathematical finance, the constants g, r, k, ct, 9 have 
the interpretation described in |48j . 

The conditions (jl.3p ensure that y~^A is uniformly elliptic on H. Indeed, 

l{fi+2pcJ^iC2 + <y'e2)>^oy{ei+f2), V(ei,e2)GM2, (2.3) 

where 

i.o:=min{l,(l-p2)^2|^ ^2.4) 

and i/Q > by Assumption ll.il 

It will prove useful to examine the effect of a certain affine change in the independent variables 
{x,y) in equations or inequalities involving the Heston operator A in (II. 2p . 

Lemma 2.2 (Affine changes of coordinates). Let the differential operator A be given by (|1.2p . 
Then, using compositions of changes of independent variables of the form 

{x,y)^{x,ay) and {x,y) ^ {x + my,y), {x,y)eM, 

where m > 0, a > 0, and rescalings of the dependent variable, 

u I—)- bu, 

where b > 0, the equation Au = f on can be transformed to one of the form Au = f on ff, 
where A has the same structure as A in ()1.2p and its coefficients obey Assumption li.il but the 
analogous combination of coefficients, hi in (j2.2p . is zero. 
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Proof. We first consider the special case 

p/{r-q)a>0. (2.5) 

Letting (x, z) = {x,ay), for a > 0, and writing u{x,y) =: v{x,z), we have Uy = av^, u^y = av^z, 
Uyy = a^Vzz, and Uxx = v^x- Then Au = f becomes 

Au = - {'^xx + 2paavxz + cr'^a'^Vzz) - [r - q - a~'^z/2)vx - k{0 - a~^z)avz + rv = f, 
and thus 

— 2 (^^^ ~'~ '^P'^^'^xz + c^a^Wzz) — (ra — qa — z/2)vx — Ka{9a — z)vz + rav = af. 
Setting f{x,z) := af{x,y) and 

a := aa, k := ko, 6 := 6a, p := p, r := ra, q := qa, (2.6) 
the Heston equation takes the equivalent form 

Av := -| {vxx + 2pavxz + d-'^Vzz) - {r - q - z/2)vx - k{9 - z)vz + rv = f. (2.7) 
Now we examine the effect on the combination of coefficients, bi. From ()2.2p . we have 

I - ^ kOp nOp 

bi = r — q = air — q) . 

a aa 

Hence, 6i = when p/ (r — q)a > and 

2 Kdp 
(r — q)a 

so it suffices to choose a := \J nQpj (r — q)a. This completes the proof of the special case. 

For the general case, when (|2.5p may not hold, we first apply a translation (z,y) = {x + my,y), 
where m > 0, write u{x, y) =: v{z, y), so that Ux = Vz, Uy = mVz+Vy, Uxx = Vzz^ Uxy = mVzz+Vzy, 
and Uyy = m{vz)y + ivy)y = m{mvzz + Vzy) + mvyz + Vyy = m?Vzz + 2mvzy + Vyy. Thus, 

y 

Au = -- [vzz + 2pa{mvzz + Vzy) + cr'^{m'^Vzz + 2mVzy + Vyy)) 

- {r- q- y/2)vz - k{6 - y){mvz + Vy) + rv, 

and hence 

Au = -- {{1 + 2pam + a'^m'^)vzz + 2{pa + ma^)vzy + a'^Vyy) 

2 (2.8) 

— {r — q + K9m — (Km + l/2)y)vz — k(9 — y)vy + rv. 

Therefore, setting := 1 + 2pam + a'^m? and noting that ^ > 0,Vm > 0, since cr 7^ and 
p E (—1,1), we obtain 

Av := - ^ [vzz + 2pavzy + o-'^Vyy) - (r - q - by/2)vz - k{9 - y)vy + fv = f, 

where 

mo"^ _ \a\ _ pa + ma'^ _ r 
PO--=^—, ■= P-= , , n: , r:=-. 
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(Note that 

^ 2k£ _ 2k£ _ 

P • -9 9~ P) 

SO /3 = /3, as expected.) Observe that 6 > and fi > and, for large enough m > 0, we have 
p > 0. In addition, 

_2 {per + ma'^)'^ + 2pam + m^ci^ ^ 

^ cr^^ 1 + 2pam + a'^m? ' 

since p G (—1, 1), and thus < p < 1. Moreover, for large enough m > 0, we have f — g > 0, so 
p/{f — q)a > 0. By rescaling the dependent variable, v := bv, we obtain 

-| {vxx + 'ipavxy + o-'^Vyy) - {h"^{r - q) - y/2)vx - k{9 - y)vy + rv = b~^f. 

Defining / := b~^f and q by 6~^(f — q) =: f — q and noting that f — q > implies f — q > 0, we 
see that we are back in the situation of the special case (j2.5p . with p/{r — q) > 0, and so that 
rescaling argument applies. This completes the proof. □ 

Remark 2.3 (Invariance of /? under coordinate changes). The proof of Lemma 12.21 shows that 
the coordinate changes considered have no effect on /3. 

Remark 2.4 (Effect of coordinate changes on the Sobolev weight, shape of the domain, and 
Dirichlet data and obstacle functions). Note that the weight tv in (12. 9p is not invariant under 
the coordinate changes described in the hypotheses of Lemma 12. 2| see Definitions 12.151 and 12.201 
Similarly, the shape of the domain ^ C M is only invariant under changes of coordinates of the 
form (x, y) i— t- {x,y + my) when ^ = H; while this change does matter away from a neighborhood 
of Tq, it does matter near Lq since we will later assume (see Hypothesis 12. 7p . Similarly, the 
coordinate changes described in Lemma [22] also mean that the Dirichlet data function, g, in (II. ip 
or (II. 4p will replaced by a function, g (unless g = on ^ U Li, in which case the homogeneous 
Dirichlet boundary condition remains unchanged), while the obstacle function, -0, in will be 
replaced by an obstacle function, ip. 

With Remarks 12.41 and 12.81 (below) in mind, we therefore assume throughout the article that 
the reduction in Lemma 12.21 has already been applied in order to satisfy 

Assumption 2.5 (Condition on the Heston operator coefficients). The coefficients defining A in 
([12]) have the property that 6i = in ([22]) . 

2.2. Function spaces. As we noted in 311 we shall assume that the spatial domain has the 
following structure throughout this article: 

Definition 2.6 (Spatial domain for the Heston partial differential equation). Let C H be a 
possibly unbounded domain with boundary dff, let Fi := H H dff, let Tq denote the interior of 
{y = 0} n d^, and require that Tq is non-empty. 

We write dff = Fq U Fi = Fq U Fi and note that the boundary portions Fq and Fi are relatively 
open in d^. If Fq were empty then standard methods (8] [^2] [H] [53] would apply to all of the 
problems considered in this article. 

Hypothesis 2.7 (Hypothesis on the domain near Fq). For 0" as in Definition 12.61 there is a 
positive constant, Sq, such that for all < 5 < 6o, 

:= ^ n (M X (0, <5)) = Fo X (0, <5), 

Fi n (M X (0,<5)) = dTo X (0,(5), 

where Fq ^ M is a finite union of open intervals. 
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Remark 2.8 (Need for the hypothesis on the domain near Tq). If our article had allowed for el- 
liptic operators with variable coefficients, a^^ , 6*, c, with suitable regularity and growth properties, 
then we could replace Hypothesis 12.71 with the more geometric requirement that fi iti {y = 0} 
(C'^-transverse intersection, A; > 1) by making use of C'^-diffeomorphisms of HI to "straighten" 
the boundary, Fi, near where it meets Tq. 

Hypothesis 2.9 (Hypothesis on the domain near Fi). For a domain, ^, as in Definition 12.61 
and constant, 6q, as in Hypothesis 12.71 integer k > 1, and a G [0, 1), require that the boundary 
portion, Fi, has the uniform C'' -regularity property [21 §4.6] (respectively, uniform C'^'"-regularity 
property, when a G (0, 1)): there exists a locally finite open cover, {Uj}, of Fi n (M x ((5o/2,oo)) 
with Uj C M X ((5o/4, oo), Vj and a corresponding sequence {^j} of C^-smooth (respectively, 
C'^'^-smooth) one-to-one transformations (see [2l §3.34]) with $j taking Uj onto -B(l), where 
B{R) ■= {(x, y) e R'^ : x"^ + y"^ < i?^}, such that 

(1) There is a constant, 5i > 0, such that U°^iC/j D ff}^ n (R x (5o/2,oo)), where U- = 
^j{B{l/2)), ^ = $-1, and [21 §4.5] 

ff} ■={Pe ff: dist(P, Fi) <6}, 6> 0. 

(2) There is a finite constant, Ri > 1, such that every collection of iii + 1 of sets Uj has 
empty intersection; 

(3) For each j, ^j{Uj n ff) = {(x,y) G B{1) : x > 0}; 

(4) If ((/)j,i, </>j,2) and {tpj,i,'<pj,2) denote the components of $j and ^'j, respectively, then there 
exists a finite constant, Mi, such that, for all multi-indices a, \a\ < 2, for i = 1,2, and 
every j, we have 

\D''(Pj,i{z)\ < Ml, z G Uj, 

|^"V'j,i(w^)l < Ml, we B{1). 

Remark 2.10 (Application of Hypotheses [27fl and \T9\i . We will need Hypotheses [2?7l and \Z9\ 
when we derive certain global estimates and regularity properties of a solution to a boundary 
value or obstacle problem near dff. When Fi C H is a bounded C'^-curve, then it has the 
uniform C'^-regularity property [2]. 

We shall also need 

Hypothesis 2.11 (Extension operator property of the domain). For a domain, ff, as in Definition 
12.61 and an integer /c > 1, require that there is a simple k-extension operator from G to IHI in the 
sense of Definition EjI (compare % §4.24]). 

Remark 2.12 (Application of Hypothesis 12.11( 1. Hypothesis 12.111 is required when we consider 
traces of functions on Fi. 

We augment the standard definitions of spaces of continuous (and smooth) functions in [21 
§1.25 & §1.26], [SH §5.1] with 

Definition 2.13 (Spaces of continuous functions). Let ^ ^ M'^ be a domain with boundary 

and closure = ^ U 5'^. 

(1) Let T ^ d'^ be relatively open. For any integer ^ > 0, then C[^Jy^ U T) denotes the 
vector space of functions n on with partial derivatives, for < |a| < ^, which are 

continuous on ^ and have continuous extensions to U T. (Compare |44l §4.4].) When 
T = d'^f (respectively, T = 0), we abbreviate Cf^^i"^ U 5^) by Cf^^l'^) (respectively, 
C/„,(^ U 0) by C7^(^)). When £ = 0,we abbreviate Q^cC^ U T) by aoc(^ U T). 
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(2) Denote C^^{^ U T) := r^^>QCl^{^ U T). 

(3) Let Cq°(^ U T) denote the subspace of C°° functions with compact support in ^ U 
T. When T = d'^ (respectively, T = 0), we abbreviate C^('^ U 9^) by C^('^) 
(respectively, C^('^ U 0)_by C^(^)). 

(4) As in (21 §1.26], let C^(^) denote the Banach space of functions n on ^ with partial 
derivatives, L'^n, for < |q| < ^, which are bounded and uniformly continuous on . 

(5) As in [Ml §3.10], denote (:7°°(^) := n^>oC^('^). 

Remark 2.14. Because we consider unbounded domains, it is important to note the following: 

(1) Compare the definition of C^(^) and related vector spaces in [SI p. 10, §4.1, &: p. 73], 
where it is only assumed that the derivatives D°^u are continuous on U, with continuous 
extensions to We emphasize the distinction here because in [44] the authors typically 
assume that ^ is bounded whereas we wish to include the case where is unbounded. 
(In other words, the definition of C^(^) in |441 p. 10] coincides with our definition of 

(2) We could have equivalently defined C(^^{^) as the vector space of functions u on ^ with 
partial derivatives, D°^u, for < |a| < I, which are bounded and uniformly continuous 
on bounded subsets of 

(3) When is bounded, then Cf„,('^) = C^'^). 

By analogy with the definitions of the standard Sobolev spaces Tyi'2(^), Wo' {ff) in [H §3.1] 
and weighted Sobolev spaces [601 §1) §3-4, & §3.8] we introduce the 

Definition 2.15 (First-order weighted Sobolev spaces). Let ^ H be a domain. We choose a 
positive weight function, 

tv{x, y) := /-ig-^l^l-^^ (x, y) G M, (2.9) 

for a suitabl^ positive constant, 7. Let L^{^,xv) be the space of all measurable functions u : 
M for which 

and denote H'^{^,m) := L^{^,m). 

(1) If Du := {ux,Uy) and Ux,Uy are defined in the sense of distributions [2] §1.57], we set 

H^{ff, to) := {u G L2(€?, w) : (1 + y^^^u and y^/'^\Du\ G L^{ff, «)}, 

and 



H\l2(f/„) ■■= I u^tvdxdy < 00, 



l7/l|2 



:= / {y\Du\^ + {l + y)u^)tvdxdy. (2.10) 
(2) Let T C be relatively open and let H^{ff U T,m) be the closure in H^{ff,tv) of 

Remark 2.16 (Comments on first-order weighted Sobolev spaces). Note that: 

(1) We shall most often appeal to the case when T = Ti,i = 0, 1. Compare [l3l p. 7] or 
pp. 215-216]. When T = 0, we denote 



^See Proposition 12.361 for constraints on the choice of 7. 
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that is, the closure of C^(^) in i?^(^,tt)), while if T = dff, then Hl{&UT,xo) is the 
closure of C^{d) in and Corollary |A32] yields 

i7o^(^ur,tt)) = H^{&,m). 

(2) For brevity and when the context is clear, we shall often denote 

H:=L^{&,tv) and V = H^{& ,Xv), HI{& [jTo,to), oi HI{& ,Xo), 

and 

I^Ih ■= lkllL2(^',m) ^^"^ ll'^ll^ Il^ll//i(i«>',n3)- 

(3) In the present article, we shall not require W^'^{&, tn) or its variants when p ^2, and so, 
for brevity, we denote ro) by H^{0', ro), A; = 0, 1, 2, and similarly for its variants. 

(4) By a straightforward modification of the proof of j2l Theorem 3.2], one can show that the 
spaces ro) are Banach spaces; compare [951 Proposition 
2.1.2]. 

(5) The spaces H^{0','m), = 0, 1, and HI{0'[JT,xo) are Hilbert spaces with the inner 
products, 

{u,v)L2(^ff^^) := / uvttidxdy 
J 

{u,v)Hi(^ff^^y.= I {y{Du,Dv) + {l + y)uv)ttidxdy. 

(6) We let H-^{ff,Ki) denote the dual space to -fr^(^uro, ro); compare [21 §3.5], [HH §5.9.1]. 
Remark 2.17 (Alternative choices of Sobolev weight). We could alternatively have chosen 

W{x, y) = /-le-^-^-^^ (x, y) G M, 
but the simpler choice (12. 9p will be adequate. □ 

Remark 2.18 (Finite volume of the spatial domain). The choice of weight, ro, in (j2.9p ensures 
that 1^ ^ H has finite measure, Vol(i^, It)) := f^ltv dxdy < oo, when < /3 < oo, /i > 0, and 
7 > 0. This point is important in compactness arguments; see ^A. 21 for an explanation. 

Remark 2.19 (Doubling and Ap properties). The weight tr on IHI is neither Ap, 1 < p < oo, in 
the sense of [951 Definition 1.2.2] nor doubling in the sense of |95|. Definition 1.2.6]. However, 
when EI is equipped with the cycloidal metric of [22l §1.1] or [55l §4.3], then the weight y^ is Ap, 
1 < p < oo by Corollary 4.3.4]. 

We will also need analogues of the standard second-order Sobolev spaces, VK^'^(i^) [Ml §7.5]: 

Definition 2.20 (Second-order weighted Sobolev spaces). Let ^ ^ H be a domain and let 

H^{ff,to) ■.= {ue L'^{ff,m) : {l + y)^/^u,{l + y)\Du\,y\D^u\ e L^{ff,tt))}, 

where D'^u := {uxx,Uxy,Uyx,Uyy), all derivatives of u are defined in the sense of distributions [21 
§1.57], and 

\MlHif,w) ■■= (y'l^'^P + (1 + y?\Du\'' + (1 + y)u^) xo dxdy. (2.11) 

Remark 2.21 (Comments on second-order weighted Sobolev spaces). Note that: 

(1) We let i/i^^(^,tt)), k = 0,1,2, denote the space of functions u for which u G H^{iff' ,Xv) 
for all (s 
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(2) The space , tt)) is a Banach space (again by modification of tlie proof of [2[ Theorem 

3.2]) and a Hilbert space with the inner product, 



[ {y^{D^u, D^v) + (1 + yf{Du, Dv) + (1 + y)uv) id dxdy. 
J e 

Our definition of H'^{ff,tv) is motivated, in part, by our requirements that 



and that 



be a bounded operator. 



2.3. Bilinear form associated with the Heston operator. We introduce the 

Definition 2.22 (Heston bilinear form). If n, u G H^{ff,)xi) and ai,6i are as in (j2.2p . then we 
call 

a{u, v) -.= 1- I [uxVx + pauyv^ + pcTu^Vy + a'^UyVy) y ro dxdy 

~ 7^ {ux + pcTUy) V s\gii{x)yXo dxdy (2.12) 
2 Jff 

{aiy + hi)uxV XV dxdy + I ruvXvdxdy, 

f J 0' 



the bilinear form associated with the Heston operator, A, in (|1.2p . □ 

Lemma 2.23 (Integration by parts for the Heston operator). Require that the domain obeys 
Hypotheses \2l\ and \2.11\ with k = 1. Suppose u G H'^{ff,tv) and v G H'^{ff,tt)). Then Au G 
L2(V, id) and 

{Au, u)l2(^_,j,) = a{u, v) - j (no(Mx. + pcruy) + ni{paux + cy'^Uy)) vytv dS, (2.13) 

^ JTi 

where n := (no,ni) is the outward-pointing unit normal vector field along Ti, dS is the curve 
measure on Ti induced by Lebesgue measure on M^, and the integrand on Ti is defined in the 
trace sense. 

Remark 2.24. Equation (I2.13P does not necessarily hold if the hypothesis u G H'^{i?,'m) is 
relaxed to u G Hf^^iff,^) ni?^(^,tt)) and Au G L'^{ff,'m). Example [CT] and [H §13.4.21 & 
§13.5.8] show that there are functions u G Hf^^{ff, to) n H^{ff, ro) with Au = on but y^^Uy = 
r(/3)/r(l + t/k) 7^ along Tq and so the Fo-boundary integral in (j2.17p is non-zero for such a 
function, u. 

Proof of Lemma \2.23[ We begin by reducing the problem to the case where u G C^(^) and v G 
C^iff). By Corollary [Ull the space C^{^) is dense in H^{ff,w) and C^{^) is dense H^{ff,w), 
so we may choose {u;}/>o C C^(i^), a sequence converging in H'^{&,X<o) to u G H'^{ff,tv), and 
choose {vm}m>o C C^(^), a sequence converging strongly in H^{tff,n3) to v ^ H^{ff,tv). Our 
hypotheses on imply that Lemma IA.25I is applicable. Then Lemma IA.25I ensures that the 
sequence of traces, {ui\ri}i>o, converges in H^{ri,tv) to u|ri G H^{ri,tv) and that the sequence 
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of traces, {y^^'^Vm\ri}m>o, converges in L^(ri,rD) to y^^'^v\ri G L'^{Ti,m). Consequently, by 
taking limits as m — >• oo of the integral over Fi in (|2.13p (with ui,Vm in place of u, v), we obtain 



lim / (no{ui^a: + P<yui^y) + ni{paui^x + a'^ui^y)) Vmytv dS 

•71-5.00 

-- / {no{ux + pcTUy) + ni{paux + cr'^Uy)) vyVo dS. 



(2.14) 



Thus, it suffices to prove the identity ()2.13p when u G C'^{ff) and v ^ 

From its definition in (jl.2p . we observe that the expression Au in ^ may be written. 



Au = -^y^-^ [ (y'^u^) + pa (y'^u^) + pa (y^Uy) +a^(y^Uy 



1 

2^ 

P^ a , a ( y 



V 



+ —Pux + —/3uy - - q - -j Ux - k{9 - y)uy + ru on ff. 

Thus, using j3 := 2k6 /a"^ by (|2.ip and recalling that hi := r — q — nOp/a by (|2.2p . the preceding 
expression simplifies to 



Au = -^y^ (jy'^Ux + pay^Uy^^ + (^pay^u^ + y'^a'^Uy 
— biUx + + Kyuy + ru on ff. 



(2.15) 



Multiplying both sides of (j2.15p by vtv, where ro = /-le-^^-^l^l by (ITO]) . gives 

J {Au)vrv dxdy = \ j {^(y^Ux + pay^Uy'j^ + [pay^u^ + y^a'^Uy^^ ye-i^y-i\A ^^dy 

Integrating by parts, using {e~'^^^^)x = — 7sign(x)e~'''l^l and {e~^'^)y = —pe~^y, gives 
{Au)vto dxdy 

\ f y [uxVx + paUxVy + paUyVx + a'^UyVy) tt) dxdy 
2 J e 

- \ ( y {liux + pauy) s\gn{x) + p{paux + a'^Uy} vtv dxdy 
J 0^ 2 / 

\ / (?^o {y'^Ux + payl^Uy^ + ni (pa/u^. + t;e-^2'-^l^l 



(2.16) 



\j^ni [pay^Ux + y^a\) e"^^"^!^! dx. 
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Using fi := 2k/cj^ by (j2.ip . recalling that ai := up/a — 1/2 from (|2.2p . and gathering terms, the 
preceding expression becomes 

/ {Au)v\xi dxdy = a{u, v) — - f (no {u^ + pcruy) + ni [paux + fJ^Uj^)) vytv dS 
Jff 2 Jy^ 

/ Til [paux + cf'^Uy] vyVo dx, 

2 Jto 

where a{u,v) is defined by (|2.12|) . But 

/ ni [paux + (^"^Uy) vyto dx = — {pcrUx + cr'^Uy) vy^ e~"'^^^~^'^ dx, 
Jto Jto 

with Ux,Uy,v G C{^), /3 > 0, and ni = —1 along Fq, so 

/ Til [paUx + cr'^Uy) vym dx = ni [paUx + cr'^Uy) ziy^e"^'^'"'^^ dx = 0, (2-17) 
Jto Jto 

and this yields ([2713]) for u £ C'^{S') and u G C^((^). This completes the proof. □ 

Problem 2.25 (Classical solution to a homogeneous boundary value problem). Given a function 
/ G C^(^), for some < a < 1, we call a function u G C^'"(^) Pi Cioc(i^U Fi) a classical solution 
to a boundary value problem for the Heston operator with homogeneous Dirichlet condition along 
Fi if 

Au = f on ff, (2.18) 
u = onFi, (2.19) 
lim7/''(/3U2: + cruy) =0 on Fq. (2.20) 

Remark 2.26 (Well-posedness of Problem 12. 25l and nature of the boundary condition along Fq). 
We shall see that additional hypotheses on / are required to ensure that Problem 12.251 is well- 
posed. (For example, |44] Theorem 6.13] adds the hypothesis that / G L°°(^), though we will 
not require such a strong assumption in this article.) Note that if u G C'j^cl'^ ^ ^o); then (j2.20p 
is obeyed automatically; Example IC.ll explains the need for condition ()2.20p . 

Problem 2.27 (Strong solution to a homogeneous boundary value problem). Given a function 
/ G -L^(^, tt)), we call a function u G H'^{i^,n) a strong solution to a boundary value problem 
for the Heston operator with homogeneous Dirichlet boundary condition on Fi if u obeys (j2.18p 
(a.e. on ff) and (j2T9|) . 



Lemma 12.291 motivates the following definition of a solution to a variational equation for the 
Heston operator, by analogy with [Ml pp. 215-216]: 

Problem 2.28 (Solution to a homogeneous variational equation). Given a function / G L'^{^, tv), 
we call a function u G Hq{0'VJ Fq) a solution to the variational equation for the Heston operator 
with homogeneous Dirichlet boundary condition on Fi if 

a{u,v) = {f,v)H, Vt;G Fi(^UFo). (2.21) 

Lemma 12.291 below explains why we may view solutions to Problem 12.281 as "weak solutions" 
to Problem [125] or [123 

Lemma 2.29 (Equivalence of variational and strong solutions). Require that the domain G obeys 
Hypotheses \27?\ and [2Jl\ with k = 1. Let f £ L'^{ff,Xo) and suppose u G H'^{ff,Xo). 
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(1) Ifu G H^{ffLlTo,tv) and u solves Problem [2^ then u solves Prohlem \E2l 



(2) Ifu obeys (pl^ (a.e. on G) and (j2J9|) . then u G Hl{G \JTq,xv) and solves Problem 

Proof. Lemma lA.161 implies that u G C^^{ff U Fi) when u G H'^{G',to), as our hypotheses on G 
ensure that G obeys a uniform interior cone condition. 

(1) Assume u G Hl{GyjTQ,'m) solves Problem\KM From (I2l3]) and ^(TTl) we obtain, for all 

{Au,v)l2^^(^^^) = (/,t;)L2(^», (2.22) 

since we u = on Fi (trace sense) by Lemma lA.311 In particular, {Au, f )l2(^ = (/, v)i2(^ff^^-^,\/v G 
Hl{G, ro), since Hl{G, to) 'gHl{ffVJ Fq, Id), and thus Au = f a.e. on G. The fact that w = on 
Fi follows from Lemmas IA.25I and IA.31I 

(2) Assume u G H'^{G,xo) obeys (|2J8|) (a.e. on &) and (|2J9]) . Since n = on Fi, then 
u G i?Q (i^ U Fq, tt)) by Lemma IA.31[ Thus, Lemma 12.231 implies that (|2.21|) holds, since the 
Fi-boundary integral in ()2.13p is zero when v = on Fi (trace sense). □ 

Lemma 2.30 (Weighted-Neumann boundary property of functions in H'^ (G , w)) . Require that 
the domain G obeys Hypothesis \2. 7\ If u £ II^{G,Ki), then u obeys 



y^{pux + cruy) =0 on Fq (trace sense). (2.23) 

Proof Lemma [A?26] implies that yf^Du\ro ^ ^^(Fo, e'Tl""'! dx; M^) because u G H'^{G,K)). The 
derivation of ()2.17p in the proof of Lemma 12.231 shows that 

/ {pUx + crUy) vytt) dx = y^ {pUx + crUy) ue"'*''^' dx = 0, 
ho Jto 

for all V G C^{G') when u G C^(^), and hence when u G II^{G, ro) by the approximation argument 
used in the proof of Lemma [2.231 Therefore, y^{pux + cn^) = on Fq (trace sense), which gives 
([2:23]) (trace sense). □ 

Remark 2.31 (Nature of the boundary property ([2:23|) ). Note that if n G Cl^^i^ U Fq), then u 
automatically has the property (I2.23P : see also Lemma lA.321 for another interpretation of (I2.23p . 

Remark 2.32 (Homogeneous boundary value problem for the Heston operator with Dirichlet 
condition along Fq). A version of Problem l2.28l with an additional homogeneous Dirichlet bound- 
ary condition, w = on Fq, when < /? < 1, is easily seen to be well-posed by methods which are 
almost identical to those employed in this article. However, solutions to this Dirichlet problem, 
when < /? < 1, are not assured to be any more than up to the boundary, Fq, as Example 
IC.ll illustrates. 

We can also pose the corresponding inhomogeneous boundary value problems for the Heston 
operator: 

Problem 2.33 (Classical solution to an inhomogeneous boundary value problem). Given func- 
tions / G C"(^), for some < a < 1, and g G C^'^'iG) n Cioc{G U Fi), we cah a function 
u G C^'"(^) n Cioc{G U Fi) a classical solution to a boundary value problem for the Heston 
operator with inhomogeneous Dirichlet condition along Fi if u obeys ()2.18p . ()2.20p . and 

u = g onFi. (2.24) 
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Problem 2.34 (Strong solution to an inhomogeneous boundary value problem). Given functions 
/ E L^{0', ro) and g £ tt)), we call a function u G tt)) a strong solution to a boundary 

value problem for the Heston operator with inhomogeneous Dirichlet condition along Fi if u obeys 
(1238]) (a.e. on ff) and 

Problem 2.35 (Solution to an inhomogeneous variational equation). Given functions / G L'^{^, tr) 
and g G H^{ff,)xi), we call a function u G H^{ff,Xv) a solution to a variational equation for the 
Heston operator with inhomogeneous Dirichlet condition along Ti ii u — g £ ^^{i? U To), and 

a{u,v) = {f,v)H, Vt;G Fi(^uro). (2.25) 

Again, a suitable version of Lemma |2 . 291 explains why we may view solutions to Problem 12.351 
as "weak solutions" to Problem 12.331 or 12.341 Unless stated otherwise, we restrict our attention 
to the study of the homogeneous cases. Problems I2.25|, 12.271 and 12.281 

2.4. Energy estimates for the Heston operator. We first derive a Garding estimate for the 
bilinear form (j2.12p . 

Proposition 2.36 (Diagonal continuity and Garding estimates). Require that the domain G 
obeys Hypotheses \2. 7| and \2.lJ\ with k = 1. Relax the requirement that Assumption \2.5\ is in 
effect. Then there are positive constants Ci,C2,7o, depending only the constant coefficients of A, 
such that for all 

< 7 < 70, (2.26) 
and all u G Hq{G U Tq, to), the bilinear form a(-, •) in (j2.12p obeys 

|a(n,n)| < Ci||u||y, (2.27) 

a{u,u) > ^C2\\ufy - C2UI + y^^MH, (2-28) 

where C2 '■= min{(T^(l — /f^)/2, (1 — p^)/2}, C3 := ^ max{|ai|, (with ai, bi are as in (j2.2p ), 
70 := C2/2C3, while C4 := max{ 0-^(1 - p'^)/2,{l - p^)/2} and Ci := max{C4 + 7C3, r + 7C3}. 

When Assumption \2. 5\ is in effect, so bi = 0, then Hypotheses \2.7\ and \2.11\ are not required 
and (IOTI) and ([2:28]) hold for all u G H^{G, to) and 7 > 0. 

Remark 2.37 (Application of affine changes of coordinates). Given Assumption 12.51 we can 
require that 61 = when applying Proposition 12.361 and as needed elsewhere in this article. 

Proof of Proposition \2. 3 (A To obtain (12.28^ , observe that 

p2 + 2pa + p'^a^ = {p + paf > 0, 



and so 
Thus, 



2pa > -p^ - p^a^. 



a{u,u) = - [ + 2paUyUx + cr'^Uy) ytv dxdy + f ru^Vodxdy 
2 Jff Jff 

— 7- / {ux + pauy) u sign{x)y to dxdy — j {aiy + bi)uxUto dxdy 
2 J e J 0' 

— o / ((1 — P^)'Wx + <^^(1 ~ P^)""?) (ixdy + / ru^ to dxdy 

/ iux^ paUy)u'!i\<gVi.{x)ytodxdy - - / [a\y ^b\){%?)xtt} dxdy. 
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Because Hypothesis 12.111 holds when fc = 1, we may suppose that u G HqI^" U ro,tt)) is the 
restriction of a function u G H^{M., Vo) with u = u on & and i2 = 0onH\i^?'bya straightforward 
analogue of Theorem IA.24I for our weighted Sobolev spaces; for simpHcity, we wih denote this 
extension again by u. Integrating by parts with respect to x via Lemma 12.231 and using the fact 
that = on Fi in the trace sense (since u G Hq{ & U Fq, ro)), 

]- I {aiy + bi){u^)xtodxdy = 1- [ {aiy + bi)u'^ m dy - [ {aiy + bi)u'^ dxdy 

= ~77 / + ■svsa{x)'m dxdy 
^ Jff 

< 7C3 / (1 + y)u^ tt) dxdy, 
where C3 := ^ max{|ai|, Moreover, 



'o / ~^ P<7Uy) u sign(x)y tt) dxdy 



\ux\ + \uy\)\u\y \X) dxdy 



C' 
< 7-3- 
- ' 2 



u^y ro dxdy 



1/2 



+ 



u y ro dxdy 



(7 



1/2 



v^y ro 



1/2 



/ (n^ + ro dxdy + / {u1 + u^)y tv dxdy 
I (u^ + ul) y ro dxdy + 7C3 / u^y to dxdy, 



where C3 := max{l/2, |p|o"/2}. Combining the preceding three inequahties and setting C2 '■- 
min{cj2(l - p^)/2, (1 - p2)/2}, and C73 = + C^' gives 



a{u, u) > C2 / {u^. + M^) y tt) dxdy + r w dxdy 

-7C3 / {ul + Uy) y tti dxdy - jCs / {1 + y)u'^ txi dxdy 
= C2 I {u^ + Uy) y to dxdy + r / v? to dxdy + C2 / (1 + tt) dxdy 

— iCz / (u^ + u^) y tt) dxdy — 7C3 / (1 + y)u^ tt) dxdy — C2 / (1 + y)n^ tt) dxdy, 

j^' J^' j^' 

and thus, using r > 0, 

a(ti,ti)>C2 / (ul + ul) y to dxdy + C2 / (1 + y)ii^ tt) dxdy 

- 7C3 / (ti^ + n^) y tt) dxdy - 7C3 / {1 + y)u^ to dxdy (2.29) 

-C2 / {l + y)u^todxdy. 
Choosing 70 := C2/2C3 and < 7 < 70 in (|2.29p yields the lower bound (|2.28p for a{u,u). 
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Virtually the same argument, with C4 := max{cr^(l — p^)/2, (1 — /9^)/2}, yields 

+ 7C'3 / (w^ + u^) y If dxdy + 7C3 / {l + y)u^Vodxdy, 
Jff Jff 

and the upper bound for a(n, u) follows with Ci := max{C4 + 7C3, r + 7C3}. 

When 61 = 0, the condition u € //(^(^UFq, tt)) can be relaxed to u G H^{^, ro) since integration 
by parts with respect to x is no longer required to estimate the term 

^ / bi{u^)xrodxdy, 

and the estimates hold for any 7 > 0. This completes the proof. □ 

Remark 2.38 (Refinement when r > 0). The lower bound (|2.28p for a{u,u) can be sharpened 
slightly when r > to 

a{u,u) > lc!,\\ufy-C!,\\y^/M%, G y, 

where C2 = min{C2, r}, but this refinement seems to bring little benefit in practice. 

Assumption 2.39 (Choice of the constant 7 in the definition of the Sobolev weight). For the 
remainder of this article, we choose 7 = 70 in (12. 9p . where 70 is defined in the statement of 
Proposition 12.361 in terms of the constant coefficients of the operator A in (II. 2p . 

Proposition 2.40 (Continuity estimate). Relax the requirements that Assumptions \2.5\ or \2.3dl 
are in effect. Then, for a// 7 > and u,v £ H^{i^, tt)), 

\a{u,v)\ < C5||n||^i(^.^,„) (^\\v\\v + \\y~^^'^v\\L^ff,m)) > (2-30) 

where C5 > depends at most on the coefficients r,q, k,6, p,a, and 7. 

When Assumption \2.5\ is in effect, so bi = 0, then, for a// 7 > and u,v £ H^{0', to), 

\a{u,v)\ < C5||n||^i(^'_„)||u||^i(^'_„). (2.31) 

Remark 2.41 (Application of affine changes of coordinates). With the aid of Lemma 12.21 we 
may assume without loss of generality that 61 = when applying Proposition 12.401 and as needed 
throughout the remainder of this article. 

Remark 2.42 (Alternative to affine changes of coordinates). When (3 < 1 and v € Hq{&,Vo) 
or even Hq{& U Pi, to), so u = along Pq in the trace sense, then ||y~"'^^^^'||H < 00 is finite by 
Theorem [0| when /5 > 1, then H^{0',vo) = i/g (^ U Pq, to) by Lemma [A6l and so Theorem [Ol 
applies. 

Proof of Proposition l2.40\ To obtain the upper bound (j2.30p for \a{u,v)\, write 

a{u, v) = a^''^{u, v) + a^{u, v), 

where 

a^{u,v) := / {ux + pauy) V sign{x)y W dxdy 
{aiy + bi)uxV Vo dxdy, 

ff 
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and separately consider a^{u,v) and a'^''^{u,v). First, observe that 

\{aiyu^,v)L2i^ff^n^\ < |ai|||y^/^itx||L2(£?,n,)||y^^^^^||L2(<?,m) 
< Cgllitllyllfllv, 

where Cg := |oi|. Second, note that 

{ux + pcruy) V sign(x)y to dxdy 

^ r<ii ( II 1/2 II , II 1/2 II \ II 1/2 II 

< (--6 \ \\y Ux\\l^{6\xo) + \\y ^^!/llL2{^,re) j 11^ ' ^^IIl2(^» 

< C6||'u||v/||'t;||y, 

where Cg := max{7/2, 7/>(t/2}. Third, we have 

|(6i'U^,7;)i2(^^^„)| < |6i|||2/^/^u^||L2{<?,rt,)||y""^''^^^||L2(^,re) 
< C'6'll'"llv^lly~"^''^^'llL2(^,„), 

where Cg" := Combining the preceding three estimates yields the estimate (j2.30p for the 
term a^(n, v), with constant Ce := Cg + Cg + Cg". 
For the term 

oP''^{u,v) := - I (^UxVx + pcTUyVx + pcrUxVy + a'^UyVy^ y to dxdy + f ruvtodxdy, 
observe that 

|a0,2(^ )| < 1 fyV2^ 1/2 \ + {y^'^uy,y^l\x) 

^2 



< C7||u||y||u||y, 



where C7 := ^ + pcr + ^ + r. This yields the estimate ()2.30p for the term a?'^(u, v), with constant 
C7. Combining these observations gives the desired estimate (j2.30p for a{u, v) with constant 

C5 '■= Cq + C7. 

When Assumption 12.51 is in effect, so 61 = 0, the estimate (j2.3ip follows immediately from the 
proof of ()2.30p in the case 6/0 since we do not need to estimate the term (biUx, v)i2(^ff^„y □ 

2.5. Bilinear form energy identity and estimate. We shall employ the useful identities and 
estimates described here at several points in this article. 

Lemma 2.43 (Bilinear form energy identity). Let u S H^{i^,to) and G Cq(]R^). Then 

a{ipu, (fu) — a{u, (f'^u) 

1 1 

= 2^^("' y'Pl'^)L^(?,w) + y'Pxfyu)L2(^,w) + 2^^("' y'^l'^)L^{ff,n>) (2.32) 

- i^P(^{u,y(p{iPx + ^y)sign{x)u)L2^ff^n)- 
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Proof. Let Ii,l2,l3, and I4 denote the four integral terms in the expression (j2.12p for the biUnear 
form, a{u,v). First, we compute 

{{ipu)y,y{ipu)x)L2{0\m) - {uy,y{ip^u)x)L2(ff,w) = {u,y^x^yu)L-ii^g'^K) + {u,yipipyUx)L^(ir,m) 

- {Uy,yip^xU)L2{0,m)^ 

{{^u)x,y{ipu)y)L2(^ff^„) - {Ux,y{v'^u)y)L2(^ff^n) = {u,yipyipxU)L2(^gf^„) + {u,yipipxUy)L2(^ff^„) 

- {Ux,yV>^yU)L2^^^„-), 

{{^u)y,y{ipu)y)L2(^i;'^n>) - Kiy(V3^^^)j/)L2(^» = ('",yV5y^i)L2(^», 

and so 

Ii{ipu,Lpu) -Ii{u,i/u) = ^cr'^{u,yiplu)L2^^^n) + a'^{u,yipxipyu)L2^^^n) + \'^'^{u,y^lu)L2(^(^^^). 
Second, we obtain 

l2{fu,ipu) = -"^ / {{(fu)x + per {(fu)y) (fusign{x)yW dxdy 



' / {ux + pcruy) (f'^u sign{x)y tv dxdy 
2 Jff 

/ pa{(px + ipy)u(pu sign{x)yrv dxdy 
2 J0 

■ hiu, if'^u) -TT p(r(p{(px + ^y)u^ s\gii{x)y tt) dxdy. 



Third, we see by inspection that 

Is{(pu,(pu) = l3{u,(p'^u) and Ii{Lpu,ipu) = Ii{u,ip'^u). 
Combining the identities for Ii{ipu, ipu), i = 1,2,3,4, yields ()2.32p . □ 

Remark 2.44 (Significance of the identity (I2.32p ). The important feature of the identity ()2.32p 
is that the right-hand side contains no derivatives of u. 

The identity (|2.32p may also be derived using an expression for the commutator, (/?], and 
Lemma [2.231 although this method is less direct. Suppose 99 G Cq(E?) and u G Hf^^{ff). From 
(11.21). we obtain 



[A, ip\u = -- {ipxxU + 2'.pxUx + 2/9(7 {'.pxyU + IfxUy + ifyUx) + O"^ {H^yyU + 2(fyUy)) 

- {r- q- y/2)ipxU - k{6 - y)ipyU, 

and thus 

[A, ip]u = -y {{ipx + pcriPy)ux + ipcTifx + a^ipy)uy) 

- I i^xx + 2pa(fxy + o-'^'^yy) u (2.33) 

- (r - g - y/2)ipxU - k{6 - y)ipyU. 

Since [A, ip] is a first-order partial differential operator, the identity (|2.33p is valid when u S 

Remark 2.45 (Commutator identity for the coercive Heston operator). The identity (j2.33p 
remains otherwise unchanged when A is replaced by Ax using (j3.ip . 
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With the preceding observations in hand, we obtain 

Corollary 2.46 (BiUnear form energy and commutator identities). Let u,v £ Hq^^UTq^iX)) and 
cpGC^iR"^). Then 

a{ipu,ipv) = a{u,ip'^v) + {[A,ip]u,ipv)L2(^ff^^), (2.34) 

and, when u = v, 

1 ^ (2-35) 

+ 2^'^iu,y<flu)L2^ff^„) - -pa{u,yip{ip:r + Vy)sign{x)u)L2(^^^^y 

Proof. We temporarily require, in addition, that u G C^{i? UTo) and recall that C^(^uro) is 
dense in U Tq, w) by Definition [2J5l Then 

a{(pu,ifv) = {A{Lpu), ifv)i2(^ff^„^ (Lemma 12. 23p 

= (99Au,(/5u)^2(^^,^) + {[A,ip]u,ipv)L2(_ff'^„) 

= {Au,(p^v)L2(^ff^n) + {[A^]u,fv)L2((^^ro) 

= a{u,(p'^v) + {[A,ip]u,ipv)i2(^ff^„) (Lemma [2^23j). 

Since the left-hand and right-hand terms in the preceding identity are well-defined for any u,v £ 
i^Q ((^ U To, tt)), we obtain (j2.34p by choosing a sequence {un}n>i C CQ°(^uro) which converges 
strongly in H'^{0', tt)) to u and taking limits as n — t- oo. 

We obtain the identity ([O^ by comparing (f^Jl^ and ([XM]) . □ 

Remark 2.47 (Coercive bilinear form and operator inner product identities). The identity ()2.34p 
remains otherwise unchanged when a(-,-) is replaced by a\{-,-) using (13. 2|) : the identity ()2.35p 
remains otherwise unchanged when A is replaced by using (13. ip . 

Corollary 2.48 (Commutator inner product estimate). Let u € Hq{0'VJTq,Xv) and Lp G Cq(M^). 
Then there is a constant C, depending only on the constant coefficients of A, such that 

\{[A,^]u,^u)L2i^ff,ro)\ < C\\y'^^{\Dip\ + \Dip\'/')u\\l2^^^^„y (2.36) 
Proof. The estimate follows immediately from (j2.35p . □ 
3. Existence and uniqueness of solutions to the variational equation 

In this section we establish existence and uniqueness of solutions to the variational equation 
for the elliptic Heston operator, Problem 12.281 In §3.11 we prove existence and uniqueness for 
the case of a Heston operator which is modified so that its associated bilinear form is coercive 
(Theorem 13. 4p and in §3.21 we extend that result to the full non-coercive case (Theorem 13. 16p . 

3.1. Existence and uniqueness of solutions to the coercive variational equation. The 

inequality (|2.28p illustrates that the bilinear form (|2.12p is not necessarily coercive in the sense 
of Theorem IB. II but it motivates the following 

Definition 3.1 (Coercive Heston operator and associated bilinear form). Let A be as in (|1.2p 
and let a : y X y R be given by ([232]) . where V = Li^{^ U To,Ki). Define the differential 
operator ^4^ by 

Ax:=A + X{l + y), (3.1) 

and define the bilinear form 

a\ : V X V ^ R, {u,v) a\{u, v), 
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axiu,v) := a{u,v) + + y)u,v)L2,^ff^„^, Mu,v G V. 
The following lemma explains when the bilinear form (j3.2p is coercive: 



(3.2) 



Lemma 3.2 (Energy estimates for the coercive bilinear form). There is a positive constant, Aq, 
depending only on the constant coefficients of A, such that for all A > Aq, the bilinear form ()3.2p 
is continuous and coercive in the sense that, 

\ax{u,v)\ < C\\u\\v\\v\\v , yu,v£V, (3-3) 
ax{v,v)>ui\\vfy, yveV, (3.4) 
where C, \, and ui are positive constants depending only on the constant coefficients of A. 
Proof. The bilinear form a\ : V V ^ \s continuous for any A G M since 
|aA(n,^;)| < \a{u,v)\ + + yf'^u,{l + yf/^v^ ^ 



+ 



1/2, 



H 



(1 + y) 



1/2, 



H 



(by ^M) 



< Cslkllv Ibllv + A 

< (Cs + A)||u||y||u||y, (by Definition EH]), 
for all u,v , yielding (|3.3p with C = C5 + A. Moreover, 

ax{v,v)\ =a{v,v) + \\{l + yf/'^v\]j 

> \c2\\v\\l - C2\{l + yf/^l + A|(l + yfl^^H (by UM) 



> vi\\v\ 



Vi 



where we choose 



vi := -C2 and A > Aq 



Co 



(3.5) 



and note that C2 only depends on the constant coefficients of A and so the same is true for ui 
and Aq. □ 

The following assumption will be in effect for the remainder of this article. 

Assumption 3.3 (Coercive Heston bilinear form). In Definition 13.11 we choose A to be the 
constant Aq given by Lemma 13.21 so that inequality (|3.4p holds. 

We then have the following analogue of [U Theorem 2.5.1]. 

Theorem 3.4 (Existence and uniqueness of solutions to the coercive variational equation). For 

all f G H , there exists a unique u £ V which solves 

ax{u,v) = {f,v)H, G V. (3.6) 



Proof. Existence and uniqueness follows from our energy estimates (Lemma 13. 2p for ax{u,v) and 

□ 



the Lax-Milgram Theorem lB.il 

Corollary 3.5 (A priori estimate for solutions to the variational equation). Let f £ H. IfuGV 
is a solution to (j3.6p . then 

\\u\\v < i^rVlH, (3.7) 

where vi is the constant in (13. 4p . 

□ 



Proof. The inequality (j3.7p follows from (|B.5p . 
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The following comparison principle is an analogue of the weak maximum principle |441 Theo- 
rems 3.3 & 8.1]: 

Corollary 3.6 (A priori comparison principle for solutions to the coercive variational equation). 
Let fi, f2 ^ H . If ui,U2 € V are solutions to (|3.6p . with f replaced by /i,/2, respectively, then 
H ^ A =^ ^2 ^ ""1 a.e. on 

Proof. Suppose A > /i. Since ax{ui,v) = {fi,v)H,yv € V, for i = 1,2 by (j3.6p . we have 

axiu2 - ui,v) + {f2 - fi,v)H = 0, yv£V. 

Taking v = {u2 — ui)~ in the preceding equation and noting that v G V hy Lemma lA.331 and 
a{v~^ ,v~) = for all v £ V, we must have 

ax{{u2 - Ui)~, {U2 - Ui)~) + (/, {U2 - Ui)~)h = 0, 

so that, by ()3.4p and the fact that /2 — /i > a.e. on i^, 

Vl\\{u2 - Ui)~\\y < ax{{u2 - Ui)~,{u2 - til)") = -(/2 " fl, {U2 " Ui)~)h < 0. 

Thus, {u2 — ui)~ = a.e. on ^ and hence U2 — ui > a.e. on 0'. □ 

Remark 3.7 (Non-negative solutions). We can take f = f2, U2 = u and /i = 0, ui = in 
Corollary 13.61 to give / > =^ u>0 a.e. on 0'. 

We may refine Corollarv 13.61 with the aid of 
Hypothesis 3.8 (Conditions on envelope functions). There are M, m S H'^{0',Vo) such that 

m < < Af on Ti, (3.8) 
m < M on (3.9) 
Am < AM a.e. on ff. (3.10) 

Since = ^ + A(l + y) by ([33]) and m < M on by (HJ]), then (l3lil]) implies that 

Axm < AxM a.e. on ff. (3.11) 

We then obtain: 

Lemma 3.9 (Refined a priori comparison principle for the coercive variational equation). Let 
M,m£ H^{ff,tt)) obey I^M), ([SJ]), and (fXTOD . Suppose f G L^{ff,tt)) and that f obeys 

Axm < f < AxM a.e. on G. (3.12) 

If u £ Hq^^^'U Fq) is a solution to (13. 6p . then u obeys 

m <u< M a.e on i^. 

Proof. Take 1/e = c in the definition ()4.1ip of and, setting c = and thus = 0, the 
conclusion in Lemma 13.91 follows from the proof of Lemma 14.251 □ 

We need to demonstrate that the hypotheses for the comparison results in Lemma 13.91 and 
elsewhere in this article are not vacuous and that, for suitable functions /, there exist functions 
M,m £ H'^{ff,Ki) obeying Hypothesis ES] and such that (|3.12p holds. 



Lemma 3.10 (Upper and lower pointwise envelopes for source functions). Suppose N,n £ 
obey 

n< N a.e. on ff, (3.13) 
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where 

n{x,y) :=co + C2y + C3(l + y)e^^ + C4(l + y)e'=^, 

for constants Cj, Ci G M, i = 0, . . . , 4 and positive constants k, K, £, L obeying 

k<K, i<L, (3.15) 
Ci<Ci, i = 0,...,4, (3.16) 
2k < fi, 2K < /i, 2£ < 7, 2L < 7. (3.17) 
In addition, require that the Ci,k,i obey 

(1) If Co + 0, then r > 0; 

(2) Ifc2 / 0, then min{K,r} > 0; 

(3) //c3 / 0, then r > i{r - q)+ and < £ < 1; 

(4) //c4 / 0, then < k < mm{2K, r / k6} ; 

and similarly for the Ci,K,L. Choose constants d,, G M, i = 0, . . . , 4, depending only on Ci,k,i 
and the constant coefficients of A, as in (I3.25p . (j3.28p . and (I3.30p ." choose constants Di G M, i = 
0, . . . ,4, depending only on Ci,K,L and the constant coefficients of A, as in (13.26p . (I3.27p . and 
(I3.29p ." and require that 

d^<Di, i = 0,...,A. (3.18) 

// we define 

m{x, y) := do + d2y + ^36^"^ + d^e^^ , (x, y) G M, 
M(x,y) :=Z)o + I?2y + I?3e^" + I)4e^^ {x,y) ^n, 
then M, m G H'^{M, m) and M, m obey 

m < M on H, (3.20) 
Am<n and N < AM on M. (3.21) 
If Ci < < Ci, i = 0, . . . , 4, then n < < N onM and (|3.20p may be strengthened to 

m<0<M on M. (3.22) 

Remark 3.11. The bounds in Lemma [3. 101 are expressed in terms of e^^,e^^ and not e^l^l,e^l^l. 

Lemma 13.101 immediately yields 

Corollary 3.12 (Upper and lower pointwise envelopes for source functions). Suppose N,n £ 
H'^{M,to) are defined as in ()3.14p . If a function f G L^((^, ro) obeys 

n< f < N a.e. on ff, (3.23) 

and M,m£ H^(M, m) are defined as in (I3.19p . then f obeys 

Am< f < AM a.e. on G. (3.24) 

Proof. The inequalities ^?2M follow from (fXTSl) and ([MI])- □ 

Example 3.13 (Affine upper and lower bounds for / and u). Suppose that there exist non- 
negative constants ki,mi,i = 0, 1 such that 

—rkQ — ki{r + K)y<f{x,y)<rmQ + mi{r + K)y a.e. {x,y) G ff, 

Then Lemma 13.101 (see (I3.25P and (I3.26P ) and Theorem 13.161 imply that 

— {ko + kinO /r) — kiy < u{x, y) < (mo + minO /r) + miy a.e. (x, y) G ff. 
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This observation is often useful in applications. □ 

Proof of Lemma \3JU From the Definition 12.201 of H'^{&, vo) and the definition (|2.9p of ro, we see 
that do + d2y G tr) while e-^^ G ro) when 2L < 7, and, recalling from OTT]) that 

= 2k/(t^, we have e''^^ G tr) when 2iir < 2k/(7^; similarly, for the terms comprising m. 

Hence M,m £ H'^{ff,w). 

From (|1.2p . we recall that 



2 

If 771(3;, y) = do + (i2y, then 



= -- [uxx + 'ipau.j.y + a'^Uyy) - {r - q - y/2)u^ - K{e - y)uy + ru, n G C°°{U). 



Am{x, y) = -K.{9 - y)d2 + r((io + ^2?/), 

and so 

Am{x, y) = {rdo - d2n0) + (k + r)d2y. 
Setting Am(x, ?/) = co + C2y, we obtain 

rdo ~ d2K9 = Co, 
(k + r)d2 = C2, 

and thus, 

d2 : 



K + r 

1 / 02^9 \ ^ (3.25) 
4 := - CO + ^— , if r > 0. 

r \ Hi + r J 

Similarly, if M{x^ y) = Dq + D2y and setting AM{x, y) = Cq + C2y, we obtain, if r > 0, 

C2 



D2 ■■ 



K + r' 



I?o:=-fco + ^y ifr>0. 

r \ K + r J 

This completes the derivation of the affine bounds. 
If M(x, y) = L>3e^^, X G M then 

AM{x, y) = -l^aL^e^^' - D:i{r -q- y/2)Le^^ + D^re^"" 
= Ds{r- L{t - g))e^^' + ^DsL{l - L)e^^ 
If r > L(r - g) and < L < 1, then AM{x,y) > Csil + y)e^^,V(x,y) G M, provided 



(3.26) 



D-3 > ^ r and D, > 



r-L{r-q) " " L(l - L) 

and thus we may choose 



This yields the upper bound in e^^. Similarly, Am{x,y) < 03(1 + y)e^^', V(x, y) G H, provided 

C3 _2 

r - i{r - q)' i{l 



da := min <- ^ ^, } , (3.28) 



where r > £(r — q) and < £ < 1. 
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If M(x, y) = D^e^y then 

AM = -^D^K^e^y - DiK{e - y)Ke^y + D^re^y 
= Di{r - K9K)e^y + yDiK{K - K/2)e^y. 
IfO < K < mm{2K,r/Ke}, then AM{x,y) > dil + y)e^y ,\/{x,y) G M, provided 

D, > and D, > 



r - kOK - K{n - K/2) ' 

and thus we may choose 

D4:=max| — , t77— ^^TTTT 1 • (3-29) 
\r - kOK' K{k- K/2) \ ^ ' 

This yields the upper bound in e^^ . Similarly, Am{x,y) < 04(1 + y)e^*', V(x, y) G H, provided 

(i4 := min <^ — 77 — -Vtttt \ , (3.30) 



r-KOk' k{K - k/2) 

where < A; < min{2K, t/k^}. This completes the derivation of the exponential bounds. 

By adding the preceding inequalities, we see that Am < n and N < AM on H. The conditions 
(IXTKI) and (IXTHI) ensure that M, m obey ([320]). If in addition, q < < Cj, i = 0, . . . , 4, then 
n < < iV on M, di < < A, « = 0, . . . , 4, and M, m obey ([3221) • This completes the proof of 
the lemma. □ 

3.2. Existence and uniqueness of solutions to the non-coercive variational equation. 

Because the bilinear form (j2.12p is not necessarily coercive, we shall require that the associ- 
ated operator A obeys the weaker "non-coercive" condition (compare [H Equation (3.1.6)]) in 
order to establish existence and uniqueness of solutions to non-coercive variational equalities and 
inequalities. 

Hypothesis 3.14 (Non-coercive condition). The coefficient r in the definition (|1.2p of A obeys 

r > 0. (3.31) 

We need additional conditions to ensure uniqueness of a solution to the non-coercive variational 
equation. 

Hypothesis 3.15 (Auxiliary condition for uniqueness). There exists a (/5 G H'^{^,tv) obeying 

Aip>0 a.e. on ff, (3.32) 

A{m + 93) > a.e. on ^, (3.33) 

93 > on ^, (3.34) 

(l + y)99GL2(^,tt)), (3.35) 

{l + y)'^/^AyD e L^{ff,to), (3.36) 

{l + y){M + ip){x,y) 
ess sup -7 -7 r < 00, (3.37) 

(x,y)eff A{m + (f){x,y) 

where the functions M,m G H^{iP',tv) are as in Hvpothesis 13.81 
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Observe that if Lp is as in in Hypothesis 13.151 then Lp G Cioc(^ U V\) by Lemma lA. 161 and thus 
yields 

99 > on Ti. (3.38) 
By analogy with [SJ Theorem 2.5.2], we have 

Theorem 3.16 (Existence and uniqueness for solutions to the non-coercive variational equation). 
Assume Hypothesis \3. 14\ holds. Suppose there are functions M , m € H'^{0',tv) obeying (13. Sp . (13. 9p . 
and (pnUD . IffGH obeys 

Am<f<AM a.e.onG, (3.39) 

then there exists a solution u £ V to Problem \2. 28\ and u obeys 

m<u<M a.e.on^. (3.40) 

Moreover, if there is a function ip G ff^(^, tt)) obeying Hvpothesis \S.15\ and the domain, obeys 
Hypothesis \5.16[ then the solution u is unique. 

Remark 3.17 (Sufficient conditions for existence and uniqueness in Theorem 13. 160 . Lemma [3. 101 
may be used to provide non- trivial examples oi M,m £ H^{ff,to) such that i^M), <^Mi and (IHUI]) 
hold and non-trivial examples of / G L^(^, tr) such that (13.390 holds; see the proof of Lemma 
13.251 for details. Lemma 13.251 may be used to provide non-trivial examples of cp £ H'^{ff,w) 
obeying Hypothesis 13.151 

Remark 3.18 (Point-wise bounds obeyed by the unique solution). The pointwise bounds ()3.40p 
for the solution are a posteriori bounds because they are consequence of the proof of existence 
for Theorem 13. 161 rather than a priori bounds satisfied by any solution to Problem 12.281 

Corollary 3.19 (A posteriori comparison principle for solutions to the variational equation). 
Assume the hypotheses of Theorem \3.1(k If fi, f2 G H obey ()3.39p and ui,U2 £ V are the unique 
solutions to Problem \2.28\ with f replaced by /i,/2, respectively, then f2 > /i =^ U2 > ui a.e. 
on G . 

Proof. We see that f ■= f2 — fi ^ H obeys 

< / < A{M - m) a.e. on G, 

and u := U2 —ui solves a(n, v) = (/, v)h-, Vf G V . Since M — m > on Pi, Theorem l3.16l (with m 
replaced by and M replaced by M—m) implies that u is the unique solution to a{u, v) = (/, v)h-, 
\/v G V, and thus obeys 

< u < M — m a.e. on ff, 
and hence U2 > ui a.e. on 0'. □ 

Lemma 3.20 (A priori estimate for solutions to the variational equation). If f £ H and u £V 

is a solution to Problem \2.28\ then 

\\u\\v <C{\f\H + \{l + y)u\H), (3.41) 
where C = + Xq and ui, A are the constants in Lemma \3.2\. 
Proof. Since u solves (j2.2ip . then 

ax{u, v) = a{u, v) + A((l + y)u, v)h = (/ + A(l + y)u, v)h, Vt; G V, 
and dOT]) follows from ([32]). □ 
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Proof of existence in Theorem \3.1(A We adapt the proof of existence of |8l Theorem 2.5.2]. We 
shall construct a solution u as the limit, in a suitable sense, of a sequence {n.«}„>o. Set uq = 
and use Theorem 13.41 to define a sequence {ttn}n>o by 

a{un,v) + \{{l + y)un,v)H = {f + K'^ + y)un-i,v)H, 'iv(^V,n>l. (3.42) 

Setting lio = and n = 1 in (I3.42P implies that ui obeys 

a{ui,v) + A((l + y)ui,v)H = ax{ui,v) = {f,v)H, Vu G V. 

Theorem 13.41 and Lemma 13.91 imply that there exists a solution ui £ V obeying 

m < ui < M a.e. on ff. 

We shall now show that 

m<ui<---<Un<---<M a.e. on ^. (3.43) 

We suppose Un-i > Un-2 a-e on and show that u„ > n„_i a.e. on 0". By taking the difference 
of the equations ()3.42p defining ti„ and Un-i, we obtain 

ax{Un - Un-l,v) = A((l + y)(u„-.l - Un-2),V)H, U > 2. 

We then take v = {un — Un-i)~ in the preceding identity to give 

- ax{{un - n„_i)~, (n„ - ii„_i)~) 

= A((l + y){Un-l - Un-2), [Un - Un-l)~)H 

>o, 

so that 

Vl\\{Un - Un-lY\\v < ax{{Un - Un-l)~ , {Un - ""n-l)") < 0. 

Hence, {un — Un-i)~ = a.e. on 0" and thus ti„ > Un-i a.e. on 0. Therefore, the sequence 
{un}n>o is increasing, as asserted in (I3.43p . 
Next we show that 

Un < M a.e. on ff, Vn > 0. (3.44) 
Since M e H'^{0,ro), we have by Lemma ([223]), 

a{M,v) = {AM,v)h. (3.45) 

Since M > on Pi by the hypothesis (j3.8p and Un £ V = H^{(y' U Lq, so u„ = on Li (trace 
sense), then (ti„ — M)+ = on Fi (trace sense) and (tt„ — M)+ G 1/ by the method of proof of 
Lemma Fa. 331 We take v = {un — M)+ in the equation (j3.42p defining ti„ to give 

a{un - M, {un - M)+) + a(M, (n„ - M)+) 

+ A((l + y){Un - -Un-l), {Un " M) + )h 
= (/, {Un - M) + )h, 



or 



ax{{un - M)+, {un - M)+)h + a{M, (w„ - M)+) 

- A((l + y){un - M), {un - M)+)h + A((l + y){un - n„_i), (n„ - M)+)h 
= (/, (n„-M)+)H. 
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Simplifying the preceding identity, gives 

axiiun - M)+, K - M)+) + {AM - f, K - M)+)h 

+ A((l + y){M - un-i), K - M)+)h = 0. 

But AM — / > a.e. on 0' by (j3.39p while M — Un^i > a.e on by the induction hypothesis, 
so 

ax{{un-M)+,{un-M)+)<0, 
and therefore (u„ — M)^ = a.e. on ff, since 

z^illK - M)+\\l < oa(K - M)+, K - M)+) 

by (|3.4p . This proves the upper bound in (j3.43p . 

We deduce from (|3.43p that there is a Borel measurable function n : — t- M defined by 

u := lim Un a.e. on 0', 

n— >oo 

and 

Un u monotonically a.e. on ff. 

In particular, u obeys (|3.40p . 

The inequalities (13. 4p and (13.42j) (with v = Un) give 

l^lll'Wnllv' < A((l + y)Un-l,Un)H + {f,Un)H, Vn > 0. 

Therefore, 

i^i||wn||y < A||(l + y)^/^n„_i||i2(^^„)||(l + 2/)^/2^„||i2(^^^„) 



+ \\f\\L^i^,m)\\un\\L^ff,m)i Vn > 0. 



Since M,me H'^{ff,Xo) by hypothesis, we have + max{|M|, |m|}||i2(^ < cx) and (|3.43p 



:i+y)^/^^^n||L2(€?,») < ll(l+y)^/^max{|M|,|m|}||i2(^„) < oo, Vn > 0. 



gives 

Combining the preceding estimate, the L^(^, to) bounds for Un implied by (I3.43p . and (j3.46p 
yields 

hnllv <c(||(l + y)i/2j^iax{|M|,|m|}||i2(^,„) + ||/||i2(^^,„)) < oo, Vn > 0. (3.47) 

for some positive constant C depending only on the constant coefficients of A. Given ()3.47p . we 
may pass to a subsequence and obtain 

Un u weakly in V. 

We can therefore take limits in p.42p to conclude that n is a solution to ()2.2ip . □ 
Before we turn to the proof of uniqueness in Theorem 13. 16| we require some auxiliary lemmas. 



Lemma 3.21 (Existence of an auxiliary function for the proof of uniqueness in Theorem I3.16p . 

Assume Hypothesis \3.14\ holds and require that the domain, G , obeys Hypothesis \5.16i . Let ip be 
as in Hypothesis \3.15\ Then there exists a function u^ € HQ{iffU Fq) which solves 

= {A^,v)h, yveH^i^UTo). (3.48) 

Moreover, u G if^(^, tt)) and u obeys 

Au^ = Aip a.e. on G, (3.49) 

tiip = on Ti, (3.50) 
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and 

0<u^<ip onG. (3.51) 

Proof. Existence of a function u^p G i7g(^uro) solving (13.48P is provided by Theorem 13.161 (exis- 
tence), while the facts that u G H^{i^, to) and solves ()3.49p follow from Theorem 15. 191 (existence, 
with M, m, / replaced by ip, 0, Aip). Because of (|3.32|) and (|3.38|) . we obtain (j3.5ip from (j3.4Up in 
Theorem 13.161 (existence) with MjUi replaced hy ip,0. □ 

Lemma 3.22 (Reduction to the case of existence when the source function is positive and the 
solution non-negative). Assume the hypotheses of Theorem \3.16\ for existence and uniqueness and 
let e Hl{iff U To) n H'^{e, id) he as in Lemma\3Ml Define 

rh:=m, + u^ and M := M + u^p, (3.52) 
where m,M are as in the hypotheses of Theorem \3.16l Then m,M G /f^(^, ro) obey 

m<0< M on Ti, (3.53) 

Am > a.e. on (3.54) 

Am < AM a.e. on G. (3.55) 
Let f he as in the hypotheses of Theorem \3.16[ Then 

f:=f + Aip = f + Aup (3.56) 

oheys 

Arh< f < AM a.e. on G. (3.57) 

Then existence in Theorem \3.16\ of a solution, u, to Prohlem \2.28\ defined hy f and obeying the 
hounds (j3.40p is equivalent to existence of a solution, u, to Prohlem \2.28\ defined hy f and obeying 

fh<u<M a.e. on G. (3.58) 

Proof. We first verify the assertions in the preamble to the statement of equivalence of existence 
of solutions. We see that (j3.53p holds because of (j3.8p . (j3.52p . and the fact that = on Ti. 
Moreover, ([335]) follows from ([332]) and ([3l^ . while (l33i]l foUows from dOOjl and <K33\i . The 
inequalities ([3.57P for / are immediate from (|3.39p and (|3.56p . 

Existence of u implies existence of u. By assumption, there exists a function tt G Hq(G UTq) 
obeying 

a{u,v) = {f,v)H, yv£H^{GuTo), (3.59) 
and ([338]) . By (l338]l . we have 

m + Uip < u < M + Up a.e. on G. (3.60) 

Therefore, setting 

u = ii-u^e H^iGuTo), (3.61) 

we see that u obeys ([3.40p . Next, 

a{u, v) = a{u — Up, v) 

= a{u, v) — a{up,v) 

= if, v)h - {A^, v)h (by and ^M) 

= if,v)H, yvGV (by ([336])). 
Hence, u obeys ([2.2ip and is a solution to Problem 12.281 defined by the source function, /. 
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Existence of u implies existence of u. By assumption, there is a solution u G i7g(^uro) 
to Problem 12.281 defined by the source function, /, and u obeys (j3.40p . Use (j3.6ip to define 
u = u + u^, so ()3.40p implies that u obeys (j3.60p and thus u obeys (|3.58p . Then, 

a{u, v) = a{u + Uip,v) 

= a{u,v) + a{u^,v) 

= if, v)h + {Aip, v)h (by dMID and ^M) 
= {f,v)H, G/?o'(^uro) (by ([336])). 

Hence, u obeys (j3.59p and is a solution to Problem 12.281 defined by the source function, /. □ 

Lemma 3.23 (Non-negative solutions). Assume the hypotheses of Theorem \ 3.16\ for existence 
and uniqueness. Let u G H}){^ U Fq) he a solution to Problem \2.28\ defined by f as in (j3.56p . 
Then u obeys 

u > a.e. on G. (3.62) 

Proof. Observe that p.54p and (I3.57P imply that / obeys < / < AM a.e. on G and hence, 
replacing rh by zero in (I3.58|) . we obtain (I3.62|) . □ 

Lemma 3.24 (Reduction to the case of uniqueness when the source function is positive and the 
solution non-negative). Assume the hypotheses of Theorem \3.16\ for existence and uniqueness and 
let f be as in (j3.56p . Then uniqueness of a solution, u, to Problem \2.28\ defined by f is equivalent 
to uniqueness of a solution, u, to Problem \2.28\ defined by f. 

Proof. Let be as in Lemma 13.211 Lemma 13.221 implies that Ui S Hq{GU Lq),? = 1,2 are two 
solutions to Problem 12.281 defined by / if and only if ttj := + ti<^ S Hq{GU Pq), i = 1, 2 are two 
solutions to Problem 12.281 defined by /. Therefore, ui = U2 if and only if tti = ii2 and this yields 
the conclusion. □ 

The technical lemma below shows that the hypotheses of Theorem 13. 161 on f,M,m,(p are not 
vacuous and, furthermore, may be strengthened so that in addition (I3.37P holds. 

Lemma 3.25 (Auxiliary bound for uniqueness). There exist non-trivial functions f G L^(i^, It)) 
and M,m,ip G H'^{G,'m) which obey (j3.8p . (|3.9p . (j3.10p . (|3.39p . and the conditions of Hypothesis 

E23 

Proof. We may suppose that / G L^(^, ra) obeys bounds n < f < N a.e. on ff, where n,N £ 
L^(IHI, ro) are defined by (13.14|) with constants q < 0, Cj > 0, for all i. 

Choose M, m as prescribed in Lemma 13.101 to ensure that Am < n, AM > on IHI and so 
M,m,f obey the bounds (I3.10p and (I3.39p . Prom their definitions in Lemma 13.101 we have 
Di > 0,di < 0, for all i, and so the bounds p.8p and (13. 9p for M, m hold because, a fortiori, 
m < < M on H. 

Now choose with non-negative coefficients, D'- > 0, using the formula (|3.19p with Di replaced 
by D'- such that Aip > and ip > onM and thus ([332]) and (j33i]) hold. When the coefficients, 
D'^, are chosen as described in the statement of Lemma 13.101 then one sees by inspection that 
(|3.35p and (j3.36p hold. Moreover, G H'^{M,w) and, in addition, the coefficients D'- in the 
definition of (p may be chosen large enough that 



im + ^){x,y) yp-se^"" +P4e^y, {x,y) gM, 



(3.63) 
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where > 0,p4 > are constants. The proof of Lemma 13.101 shows that there is a constant 
C > 0, dependmg only on ps,p4, and the constant coefficients of A such that 

A{m + ^){x, y) > C(l + y)(e^" + e^?^) > 0, {x, y) G M, 

and thus (j3.33p holds since, a fortiori, A{m+'^) > on H. Furthermore, (|3.63|) and our definitions 
of M, if via ()3.19p ensure that there is a constant C > such that 

(M + y) < C(l + e^^ + e^^), (x, ?/) e M. 

Hgiicg 

A{m + ip){x,y) C 

and this yields (|3.37|) . This completes the proof of Lemma 13.251 □ 

Remark 3.26 (Additional growth conditions on the envelope functions). Moreover, the M, m,ip £ 
H'^{M,'m) constructed in the proof of Lemma [125] also obey (l + ?/)^/^M, (l + ?/)^/^m, + S 
Li{M, tv) ioT q > 2 as required by ()4.53p and (|4.55p . 

Proof of uniqueness in Theorem \3.16l We adapt the proof of uniqueness in (8l Theorem 2.5.2]. 
We assume the reduction embodied in Lemma 13.221 but, to simplify notation, we shall omit the 
"tildes" and write /, u for /, u. For clarity of exposition, we denote equations and inequalities 
involving Borel measurable functions as holding everywhere when they hold almost everywhere. 

Suppose ui,U2 are two solutions to (|2.2ip . assumed non- negative by (13.62p . If ui 7^ U2 on 
we may suppose that 

m ^ U2 on ff. (3.64) 

Otherwise, we could interchange the roles of ui and U2 in the remainder of the proof of uniqueness. 
We introduce oq S L^{ff,'m), where < oq < 1 on i^, such that 

uqUi < U2 on 1^, (3.65) 

by setting ao{x,y) := 1 if ui{x,y) < U2{x,y) and ao{x,y) := U2{x,y)/ui{x,y) if ui{x,y) > 
U2{x,y), for each {x,y) £ so that 

ao(3:, y) := min 1 1, ^\ \ , {x,y) e G, (3.66) 



ui{x,y) 

where we define 0/0 := and 1/0 := +00. Note that ao^i = min{ui,U2} and min{ui,n2} E 
i?i|(^ U Fo, ro) by Lemma [AJl Since ui ^ U2 on ^, then 

< ao < 1, 

where 

OfQ := ess inf 00(2^5 2/)- (3.67) 

Otherwise, if ao = 1, we would have = 1 on iff and ui = a^ui < U2 on G, contradicting our 
assumption (j3.64p . We introduce a constant (3q such that 

Qo < ^0 < 1, (3.68) 

and 

/i :=/3o(/ + A(l + 2/)7zi) 

<f + \{l + y)u2 (3.69) 
=: /2 on ff. 
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Indeed, such a /3o exists since, because of (j3.65p . the inequahty (|3.69p wih hold if 

(3of + A(l + y)l3oUi < / + A(l + y)aoui, 

that is, if 

A(l + ?/)(/3o-aoW < (l-/3o)/, 

and hence if 

{l + y)ui{x,y) (1 - /3o) , . 

ess sup r < — — . (3.70) 

{x,y)e£f J{x,y) X[Po-ao) 

Now A{m + (p) = A{m + u^) = Am on 0' by (j09|) and M = M + < M + ip on by ([33T]) . 
Therefore 

{l+y)M{x,y) ^ {l + y){M + ^){x,y) ^ ^ 

Afh{x,y) ~ A{m + ip){x,y) ' ' ' 

and so (I3.37P yields 

{l + y)M{x,y) ^ 

ess sup — 7 r — < oo. (3-71) 

{x,y)eff Am{x,y) 

By the upper bound for ui in (|3.58p (with u replaced by ui) and the lower bound for / in (j3.57p 
(with / replaced by /), we have 

{l + y)ui{x,y) il + y)M{x,y) 
ess sup — r < ess sup — r — 

(x,y)e^? J[x,y) (x,y)e^ Am{x,y) 

< oo (by (I5TTD ). 

Therefore, we can find /Sq (sufficiently close to oq) obeying (j3.68p such that the inequalities (j3.70p 
and thus (ISlMI) hold. 

We note that (^qUi satisfies the variational equation 

axiPoUi, f3ov) = aipoui, l3ov) + X{f3o{l + y)uu Mh (by ^) 
= {M,(3ov)H + Xmi + y)ui,PQv)H (by mU) 
= {pof + XMl + y)ui,/3ov)H 
= {fi,Pov)H (by definition of /i), 

for all Pqv G V, and so 

ax{l3oUi,v) = {fi,v)H, yveV. 
Moreover, U2 satisfies the variational equation 

ax{u2,v) = a{u2,v) + A((l + y)u2,v)H 

= {f,v)H + X{{l + y)u2,v)H (bydlHI)) 
= {f + X{l + y)u2,v)H 

= if 2, v) H (by definition (IMD of /2), Vi; G V. 
We are now within the setting of Corollary 13.61 since (j3.4p holds and 

/i</2 on ^ by ([329]). 
Therefore, Corollary 13.61 implies that 

I3qUi < U2 on ff. (3.72) 



But /3o > ao by (13.68P and so we obtain a contradiction to the choice of ao in (13.65p . To see this, 
observe that for any < e < /3o — <5o) the definition (j3.67p of oq implies that there exists a Borel 
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measurable subset ^ d G with positive measure such that oq < ao + £ on and so, because 
ao + £ < /3o , we obtain 

ao < /3o on (3.73) 
But /So < 1 by (j3.68p and therefore (I3.73P yields ao < 1 on ^ and so the definition of ao in (j3.66p 
implies that u\ > U2 on ^ and U2 = a^ui on Therefore, 

U2 = a^ui 

< f^QUi on ^ (by ([3773]) ) 

< n2 on ^ (by (l372]l ). 

a contradiction. Thus, we must have ui = U2 on This concludes the proof of uniqueness in 
Theorem 13.161 □ 

Remark 3.27 (Comments on the proof of uniqueness in Theorem 13. 16p . Because the comparison 
principle bounds (|3.40p are a posteriori rather than a priori, we cannot appeal to (|3.40p to provide 
a simple proof of uniqueness: the proof of existence in Theorem 13.161 merely shows that some, 
but not necessarily all, solutions obey (|3.40p . 

Remark 3.28 (Unique solutions and the Rellich-Kondrachov theorem). Because the continuous 
embedding H^{ff, tv) — )■ L'^{ff,tv) is not known to be compact (see §A.2p . unlike the case of usual 
the Rellich-Kondrachov compact embedding theorem for standard Sobolev spaces and bounded 
domains, it is not known whether an analogue of [31] Theorem 6.2.6] holds for our weighted 
Sobolev spaces. Therefore, we avoid arguments in this article which might rely on a Rellich- 
Kondrachov compact embedding theorem for weighted Sobolev spaces. 

4. Existence and uniqueness of solutions to the variational inequality 

We shall adapt the framework of [HI §3] to the case of the degenerate Heston operator and 
describe the modifications required for the proofs of existence and uniqueness for a variational 
inequality. We begin in ^4.1l with a formulation of the obstacle and variational inequality problems 
and provide conditions for when they are equivalent (Lemma I4.13p . In ^4.2| we prove existence 
and uniqueness of solutions to a non-linear penalized equation (Theorem 14. ISp . In ^4.31 we show 
that solutions to the penalized equation and their a priori estimates provide stepping-stones to 
existence of solutions of a coercive variational inequality (Theorem I4.28P . Finally, in ^4.4[ we 
show that the existence of solutions to a coercive variational inequality leads in turn to existence 
of solutions to a non-coercive variational inequality (Theorem I4.36p . 

4.1. Formulation of the variational inequality and obstacle problem. We begin with 

Problem 4.1 (Classical solution to an obstacle problem with inhomogeneous Dirichlet boundary 
condition). Given functions / E C"(^), for some < a < 1, g e C^'°'{ff) D Cioc(^U Fi), and 
G Cioc(i^U Ti) with 

i'<9 onTi, (4.1) 
we call u G C^'^{0') n C\oc{^ U Fi) a classical solution to an obstacle problem for the elliptic 
Heston operator with inhomogeneous Dirichlet condition along Fi if 

min{^'U - /, u - -0} = on i^, (4.2) 
u = g onFi, (4.3) 
\im.yl^{pux + cruy) = on Fq. (4.4) 
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See Remark 12.261 for a discussion of the hypotheses on / and the boundary condition ()4.4p . 

Problem 4.2 (Strong solution to an obstacle problem with inhomogeneous Dirichlet boundary 
condition). Given functions / G L^(^, w), g G ro), and -0 G ro) obeying (jiTT]) . we 

call n G ro) a strong solution to an an obstacle problem for the elliptic Heston operator 

with inhomogeneous Dirichlet boundary condition along Fi if u obeys ()4.2p (a.e. on 0') and (j4.3p . 

We state our variational inequality problem for the Heston operator in the case of inhomoge- 
neous Dirichlet boundary conditions: 

Problem 4.3 (Variational inequality with inhomogeneous Dirichlet boundary condition). Given 
functions / G L2(^, ro), g G //^(^j ro), and ijj G H'^{i^,Vo) obeying (|4.ip in the sense that 

(^_g)+ ei7i(^uro,tt)), 

we call u G i/^(^, lu) a solution to the variational inequality for the Heston operator with 
inhomogeneous Dirichlet boundary condition along Fi if 

o(m, V - u)>{f,V - n)i2(^ ,„) , 

M > ■0 a.e. on and u- g £ ifg (^ U Tq, w), (4.5) 
\/v G i/^(^, ro) with t> > •0 a.e. on and v - g £ HI{0' U Tq, tt)). 

Remark 4.4 (Reduction to a variational inequality with homogeneous Dirichlet boundary con- 
dition). When Fi 7^ 0, we can reduce to the case of a homogeneous Dirichlet boundary condition 
along Fi, without loss of generality, by noting that u G H^{0'^Vo) is a solution to Problem 14.31 
if and only \{ u := u — g £ ^^{0" U Fo,tt)) is a solution to Problem 14.31 with test functions 
V := V — g £ Hq{0' U Fo,rD), source function f ■= f — g € L^(^, tu), and obstacle function 
il) := i/j - g e H'^ , ro) obeying ^0 < on Fi in the sense that 0+ G i/o(^ U Fq, tt)). 

Therefore, given Remark 14.41 for the remainder of the article, we may assume without loss of 
generality reductions to variational inequalities and obstacle problems with homogeneous Dirichlet 
boundary condition on Gamma\. 

Problem 4.5 (Variational inequality with homogeneous Dirichlet boundary condition). Given 
functions / G L'^{0', tt)) and ij) G H^{&, Xo) such that 

V' < on Fi, (4.6) 

in the sense that 

0+ Gi/o'(^UFo,tt)), 

we call u G Hq[0' U Fq, tt)) a solution to the variational inequality for the Heston operator with 
homogeneous Dirichlet boundary condition along Fi if 

a(u, V -u)>{f,v - u)i2(^^„) 

u>'4} a.e. on ^, (4-7) 

G i?o(^ U Fo, ro) with a.e. on (7. 

Remark 4.6 (Specialization to a variational equation). The obstacle condition u > oi\ 
becomes vacuous when ip = —00 and, for this reason, we see that it is sufficient to require 
G i/^(^, tt)) (or even L'^{i?,Xo)) rather than G i/^(^, tt)) as in Problem 

Notation 4.7 (Function spaces). For brevity, we shall often denote 

H := L^{ff,Xo), y := i/o^(^UFo,tt)), and W:= {v eV\v > ^ on ff]. 
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Remark 4.8 (Convexity of IC). Note that K C ^ is a convex subset, since if u,v G K, then 
ZU+ (1 — z)v S V for ah z G M while, for all z £ [0, 1], we have zu+ (1 — z)v > ztp + {l — z)ip = ip. 

Remark 4.9 (Choice of source function). Rather than require f £ H in Problem l4.5l it is enough 
to assume f £ V when considering questions of existence and uniqueness. 

Remark 4.10 (Lower rather than upper obstacle functions). The directions of our obstacle 
function inequalities are the opposite of those in j^, so that instead of [U Equations (3.1.11) &: 
(3.1.14)] we define K using v > tp and require ip < on Ti. 

Example 4.11 (Examples of obstacle functions). For the problem of determining the price of a 
perpetual American-style put option, we would choose 

i;{x,y):={E-e^)+, {x,y) £ ff, (4.8) 

for a constant E > (the strike) and / = on ^. Note that this choice of function ip is 
Lipschitz and lies in H^{0', w) but not in H'^{&, to). In the case of the corresponding evolutionary 
variational inequality, the terminal condition would also be given by 

h{x,y) := {E - e^)+ , {x,y)£G. (4.9) 

See |47j for additional examples of obstacle functions arising in mathematical finance. □ 

Given a function £ i?^(^, tt)) as in Problem 14.51 we have V*" S -ffo(^U Fq,!!?) and il)'^ = 
tp + > ip a.e. on 0' and therefore, by analogy with [H Equation (3.1.13)], the following 
universal assumption is automatically satisfied by choosing vq = ip'^ . 

Assumption 4.12 (Non-empty convex subset K C V). The subset IC C ^ is non-empty and 
contains some element vq £ K. 

By analogy with [8[ Equation (3.1.20)], we have 

Lemma 4.13 (Equivalence of variational and strong solutions). Let f £ L^(^, tn), ip £ H'^{0', tt)) 
he functions such that (|4.6p holds, and suppose u £ H'^{ff,to). Then the following hold: 

(1) Ifu £ H^{ffUTo,m) obeys (gZl), then u obeys (a.e. on &) and (gS]) (with g = 0). 

(2) Ifu obeys (|42]) (a.e. on G) and (j43]l (with g = 0), then u £ f/'o(^U Fq, to) and u obeys 

Proof. Consider (1) and suppose u £ -?/q(^U Fo,lt)) obeys (|4.7p . We wish to show first that 

Au-f>Q, u-tp>0, {Au- f){u-tp) = a.e. on ff. 
To see this, observe that ()4.7p and integration by parts (Lemma 12. 23p yields 

{Au- f,v - u)h >0, yv£K. (4.10) 
Take v = u + ip, (p £ Cq°{G), with if > 0. Therefore, we have S IC, given that u E K, and so 

iAu-f,^)H>0, Vv9GC7o°°(^), 

and hence 

Au - f >0 a.e. on G. 
Since ip £ L'^{G, tt)) by hypothesis, we may choose v = ip in ()4.10p to give 

{Au- f,7p-u)H >0, 
Since Au — / > and ip — u <0 a.e. on 0', we also have 

{Au- f,ip-u)H < 0, 
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and hence {Au — /, ^ — u)h = 0, which gives 

{Au — f){u — Tp)tv dxdy = 0. 



Because {Au — f){u — ip) > a.e. on ff, we obtain {Au — f){ip — u) = a.e. on 0'. In addition, 
u = on Fi by Lemma lA.311 Thus, u obeys ()4.2p (a.e. on ff) and ()4.3p (with g = 0). 

Consider (2) and suppose u obeys ()4.2p (a.e. on i^) and ()4.3p (with g = 0). We then obtain 
u e H^{ff U To, ro) by Lemma IXsTl Suppose v - u = ip e C^{ff U Lq), with v > ij; a.e. on ^. 
Then {(p < 0} = {v < u} <Z {ip < u} and therefore we must have Au — f = a.e. on {y? < 0} C 
by g2])- Thus, 



0< / (An- /)99tt)(ix(iy (by g2])) 

= / {Au — f)ipm dxdy + / {Au — /)<^tt) dxdy 



^n{¥?>0} J&r\{ip<o} 
{Au — f)(ptv dxdy 



Auiptv dxdy — / fiptv dxdy 
Jff 

= a{u, ip) - (/, ip)h (by Lemma EJSD, 

and thus ()4.7p holds for all v = u + tp with v > ip a.e on and € C^{^ U Fq). Since 
C^(^ U ro,tu) is dense in H^{ff U Lett)), then ([4^7]) holds for all v G FqH^ U Lett)) with 
?;>'(/'■ □ 

4.2. Existence and uniqueness of solutions to the penalized equation. Existence of so- 
lutions to the coercive variational inequality (see Theorem I4.28P is proved by first establishing 
existence, given e > 0, of u^ € V which solves the penalized problem associated with Problem 14. 51 
We define the penalization operator by 



Pe{w):=--{i^-w)+, weH^{i^uro). (4.11) 



£ 

Recall that ax is the coercive bilinear form (|3.2p . 

Problem 4.14 (Penalized equation for the coercive Heston bilinear form). Given a function 
/ G L^(i^, tt)), we call a function u G //q(i^U Fq) a solution to the penalized equation for the 
coercive Heston bilinear form if 

ax{ue,v) + {f3,{us),v)H = {f,v)H, Vt> G /^q' U Fq) . (4.12) 

We may also write (3e{w) = —^{w — . Note that our definition of Ps uses a sign opposite to 
that of [Si Equation (1.24)] since we seek functions u such that u > ip a.e. on 0" (and not u <ij) 
on 0') and thus need to "penalize" functions u such that u < if: on subsets of 0" with positive 
measure. 

Lemma 4.15 (Monotonicity of the penalization operator). The penalization operator, (3^ in 
()4.1ip . is monotone in the sense that 

(/3,(n)-/3,(n),n-n)H>0, Vn, n G (4.13) 
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Proof. Write 

e^s{u) - e^s{u) = -(V' - u)^ + {tp- u)^, 

u — u = —{tp — u)^ + {ip — u)~ + {ip — tt)"*" — — n)~, 

and observe that 

(e/3,(u) - ePe{u),u- u)h = \\{ip- u)+\\]j + IKV' - - 2((V' - n)+, (V - u)+)h 

+ ((V' - + , (■0 - + ((V - n) + , (V - uy)H 

> Hi; - u)^, iij - u)-)h + ((^ - u)^, iij - u)-)h 
(using 2ab < a'^ + b'^,a,b,e M) 

>0, 

as desired, using the fact in the last inequaUty that each of the terms {ijj — n)+, (V' — u)~')h, 
((^ — n)+, [ip — u)~ is non- negative. □ 

We have the following analogue of the a priori estimate [U Equation (3.1.44)] for solutions to 
the penalized equation. 

Lemma 4.16 (A priori estimate for a solution to the penalized equation). If Us £ V is a solution 
to Problem 14- 141 ihen 

WueWv <C{\\f\\H + \\i>^\\v) , Ve>0, (4.14) 
where C depends only on the constant coefficients of A. 

Proof. We have V+ G -H'o(^uro, tn) by (jM]) and so we may choose v = — ip~^ € i?Q((^uro, to) 
in ()4.12p . Noting that (3f,{ip^) = since if)'^ = ip + > ip a.e. on ^, we obtain 

axiue,ue - ^+) + i/3eiue) - /3e(V+),ne " ^+)h = if,Us - V+)h. (4.15) 
Since /S^ is monotone, applying ()4.13p to the preceding identity yields 

ax{Ue,Ue - 1p^) < (/, Ue - ^+)//, 

and so 

a\{Ue - i^^,Ue - ^P^) < {f,Ue - 'iP^)h - ax{'lp^,Ue - V'^). 

Combining the preceding inequality with the Carding inequality ()3.4p and the continuity estimate 
()3.3p for ax{u,v) gives 

uiWue - iJ+fv < C (ll/lk + ||^+||y) \\u, - 
and therefore we obtain (j4.14p . □ 

We also have the following analogue of the a priori estimate for the penalization term [HI 
Equation (3.1.36)]. 

Lemma 4.17 (A priori estimate for the penalization term). If Ug £ V is a solution to Problem 
\4A4l then 

\\{4^-Us)+\\H<CV^{\\f\\H + U+\\v), ye>0, (4.16) 
where C depends only on the constant coefficients of A. 
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Proof. As in the proof of Lemma 14.161 choose v = — in (j4.12p to give 

< C\\ue\\v\K - V'+lk + WfWnWue - V'+k (by O), 

and thus 

\mu,),u, - ^p+)h\ < c {w/wh + wi^+Wvf (by mM), (4.17) 

where C > depends only on the constant coefficients of A and is independent of e. But 

> (/3e(ne), V+ - u,)h (by KTT\i and fact that - ^/;+ = -^/;- < 0) 
>-C{\\f\\H + U^\\vf (byglZD). 
Hence, because Peiue) = —e^^{^ — Us)^ by (|4.1ip . we obtain 

-^"^(^ - '^e)^, {lp - Ue)'^)H = -e""^((V' - Ue)"^,^ - Us)h 

>-C{\\f\\H + U^\\v)\ 

and this yields □ 
By analogy with [HI Theorem 3.1.2] we have 

Theorem 4.18 (Existence and uniqueness of solutions to the penalized equation). There exists 
a unique solution to Problem \4-14\ 

Proof of uniqueness in Theorem \4-18 . The proof of uniqueness is almost identical to that of the 
proof of [HI Theorem 3.1.2]. Let u,u be two solutions of (j4.12p . Then, substituting u,u in (j4.12p . 
subtracting the resulting equations, and choosing v = u — u yields 

axiu - u,u - u) + {l^eiu) - /3e{u),u - u)h = 0. 

The operator is monotone by Lemma 14.151 Hence, 

a\{u — u,u — u) < 0, 

and (13. 4p ensures that llu — ■u||v =0, so u = u a.e. on 0'. □ 



Lemma 4.19 (Fixed point lemma). [Ml Lemma 1.4.3] Let m > 1 and let F : M™ — >• M"* be a 

continuous map such that for a suitable q > one has 

Then there exists S,o, |?o| < Q, such that F{^o) = 0. 

Proof of existence in Theorem \4-lS\ The proof of existence is similar to that of the proof of [H 
Theorem 3.1.2]. We introduce a family of Vm C F, m = 1, 2, 3, . . ., of m-dimensional subspaces 
such that 

• For each v £ V, there is a Vm G Vm, for each m > 1, such that 

ll'w — ''^mlly — ^ 0, m — )■ oo. (4-18) 

• There exists vq £ Vm H K, for all m > 1. 
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We may choose vq = G K and let Vq,v'i, . . . ,v'f^, . . . be an orthonormal basis for the Hilbert 
space V, where v'q := vo/\\vo\\v if 7^ and if vq = 0, then choose any v'q G V with ||uo||y = 1- 
Let Vm ■■= span{t>o, • • • , ^^m-i}' ^ 1- 

We now consider the finite-dimensional problem, which is to find Um G Vm such that 

a\{Um,v) + {f3i.{Um),v)H = {f,v)H, £ Vm- (4.19) 

Such a Um exists by Lemma 14.191 and by ()4.14p , we have 

\\um\\v<C{\\f\\H + U+\\v), (4.20) 

where C > depends only on the constant coefficients of A and is independent of m and e. We 
can therefore extract a weakly convergent subsequence, again denoted Um, such that 

Um Ue weakly in y, m — )■ oo. (4-21) 

Moreover, (j4.16p yields 

IKV' - Um)^\\H < C^e {\\!\\h + llV+lk) , (4.22) 
where C > depends only on the constant coefficients of A and is independent of m and e. From 
(I4.22p . by passing to a weakly convergent subsequence, we can assume that as m — )• oo, 

(V' — Um)^ X weakly in (4.23) 

for some x S i?. 

For an arbitrary v € y, we may choose {i'm}m>o £ V satisfying ()4.18p and replace v in ()4.19p 
by Vm to give 

axiUm.Vm) + We{Um),Vm)H = {f,Vm)H, Vm > 0. 

As m — )• OO, we have Vm converges strongly to G y by (|4.18p and Um converges weakly to 
u^ £ V hy (|4.2ip . and fie{um) converges weakly to e~^x & H hy (j4.23p . Therefore, by Lemma 
IB. 31 we can take limits in the preceding identity as m — >■ oo and obtain 

ax{u„v) + {e~'x, v)h = (/, v)h, G V. (4.24) 

From ()4.24p we see that u^ will be the desired solution to (I4.12P provided we can show 

e-\ = /3e{ue), (4.25) 

that is, provided we can show 

X = (^ - ^^e)"^- 

Because the embedding V ^ H is not necessarily compact, we adapt the alternative monotonicity 
proof of O Theorem 1.1.2] to prove (I4.25p . Define 

Xm ■= a\{Um - Vm,Um - Vm) + {l^eiUm) - (5e{Vm)-,Um - Vm)H, 

where Vm obeys ()4.18p . From (13. 4p and (I4.13P we have 

> 0, m > 1. 

Moreover, using (|4.19p . we have 

Xm = {f,Um - Vm)H - a\{Vm,Um - Vm) - {l3e{Vm),Um - Vm)H, 

from which we deduce that 

(/, Ue - v)h - ax{v, Ue-V) - {/3e{v),Ue - v)h > 0, (4.26) 

by taking limits as m — t- oo and applying Lemma IB. 31 But replacing v £ V in (I4.24p with 
v — Uc £ V gives 

a\{Ue,V - Ue) + (e"^X, V - Ue)H - (/, Ue - v)h = 0. (4.27) 
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By adding (|i:26|) and (fOT]) . we deduce that 

ax{us - v,Ue - v) + {e~^x - f3eiv),Ue - v)h > 0, Mv £ V. 
Taking v = — 6ip with arbitrary 6 > and ip £V we then deduce that 

6^ax{^, if) + <5(e"^x - Pe{ue - 6ip), ip)H > 0. 
Dividing by 5 and letting (5 — t- 0, we therefore obtain 

{e-'x-Mue),^)H>0, y^eV, 

so that 

This proves (j4.25p and completes the proof of existence. □ 

Before proceeding to the statement and proof of another useful a priori estimate, we will need 

Lemma 4.20 (Strong monotonicity of the penalization operator). The penalization operator, 
in (j4.1ip . is strongly monotone in the sense that 

{(3s{u)-(3e{u),^\u-u))H>0, yu,u€V, (4.28) 

ififGC^iR^). 

Proof. We adapt the proof of Lemma 14.151 and observe that 

(e/3,(n) - e/3,(n), - u))^ = Mi; - u)^^^ + Mi^ " ^)^\\h " 2(y^(V' - n)+, ^{^|J - u)+)h 

+ {ip{ip - u)~^,ip{ip - u)~)h + (9'(V' - u)^,^{'>P - u)~)h 
>0, 

as desired. □ 

For the proof of the next lemma and at several later points in this article, we will need to use 
a cutoff function with certain properties, so we fix a choice below. 

Definition 4.21 (Cutoff function). Let rj G C°°(M) be a cutoff function such that < r/ < 1, 
T] = 1 on (—00,1), r/ = on (2,oo), while \rj'\ < 2 and \r]"\ < 4 on M. For R > 1, let (^r := 
rj {dist O) / R) € C^(M^) be the corresponding cutoff function such that < < 1, (r = 1 on 
B{R) and Cr = on R'^\B{2R), where B{R) := {{x,y) e ]R? : x'^ + y"^ < R^], and, for ah R>1, 

\DCr\ < 10 on R'^, (4.29) 

I^^CijI < 100 on ]R2. (4.30) 

A straightforward calculation yields 

Lemma 4.22. For R > 1 and (r as in Definition DQn and suppD^C/? have support in 
B{2R)\B{R), and 

\DCr\ < WR-^ on (4.31) 

|^^Ci?l < WOR'^ on M2. (4.32) 

Lemma 4.23 (A priori estimate for a solution to the penalized equation). Assume the hypotheses 
of Theorem llT^ If s > 1/ 2, y' f G L'^{^,tv), y^^-^/^ G H^{^UTo,rv), G H^{e^\JTQ,^) is 
a solution to Problem \4-14l and y^Ui. G L^(^, tu), then y^Ue G if^(^, ro), and 

< c (||yVllL2(^,m) + 11(1 + y')ue\\L\ff^v) + 11(1 + y''~'/')V'+llHM<^,m)) , (4.33) 

where the positive constant C depends only on s, 7, and the constant coefficients of A. 
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Proof. We proceed as in the proof of Lemma 14.161 but now choose if £ C^(M2) and 
to give 

axiUe, ip\ue - ^+)) + {Pe{Ue) " /3. (V+) , V'' (^^. " = (/, - (4.34) 

Since /?£ is strongly monotone by Lemma 14.201 applying (j4.28p to the preceding identity yields 
and so 

Applying the commutator energy identity (j2.34p to the preceding inequality yields 

ax{^{Ue - ^+), - Ip^)) 

= ax{Ue - lp~^,ip'^{Ue - Tp^)) + {[A,ip]{Us - 1p^),ip{Ue - iP^))h 

< {iff, ifiUe - - aA(V+, V\ue - i^^)) + {[A, ^]{Us - <^(^^e " 

= i^f, ^{Ue - iP^))h - ax{ipi^^,(p{Ue - 4^^)) + {[A, ifjll^^ , ip{Ue - '4''^))h 

+ {[A, ^]{ue - ^+), V^(n, - iI^^))h. 

Combining the preceding inequality with the Garding inequality (|3.4p and the continuity estimate 
(13. 3p for ax{-,-) gives 

- ^+)||^ < C {Wf\HW{Ue - + ||y ||(^(n, - 

where the constant C depends only on the constant coefficients of A. Applying the commutator 
identity (|2.33p and the commutator estimate (12.36P in the preceding inequality yields 

MUe - < C {Wf\HW{Ue - + \Wi^+\\vMUe " 

+ C [\y^\D^\\Dij+\\H + \y^\D^^\^+\H + 1(1 + \{ue - i^^)\H 

+ C\y^'\\D^\ + \D^\^'^){u,-i^+)\l, 

where the constant C depends only on 7 and the constant coefficients of A. Let E C^(M^) be 
the cutoff function in Definition 14.211 and choose ip = CrU^ j so 

\Dip\ < v^DCrI + sCRy'-\ 

< yl^'Cfil + 2s\DCR\y'~' + s\s - l\CRy'-^ 

noting that D^r and D^(r are supported in B(2R) \B{R). Substituting these pointwise inequal- 
ities into the preceding estimate for \\ip{us — 4'~^)\\v, using 

W^i^^Wv = \y^^^D{ip4^+)\jj + 1(1 + y)^/^ipip+\l (by Definition EIS]), 

and D{ip'ip+) = ipDip+ + {Dip)ip+, and 

\Di^i^+)\ < Cfly^D^+ + iy'\DCR\ + sCRy'-')i;+, 
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Mus-i;^)\\l<C\y'f\H\y'{Ue-i^^)\H 

+ C (ly^^^/^+lH + \y'^^/^D^+\H + 1(1 + y)^/VV'+|H) Mu, - i;+)\\v 
+ C (|(y2^+i|DCii| + y''')m^\\H + \{y^'+^\D\R\ + y'''\DQR\ + 

+ 1(1 + y){y^'\DCR\ + y^'-^)^^\H) \{ue - ^+)|// 
+ C\y^l\\{f\DCR\ + y'-^)\ + \{y'\DQR\ + y'-^)\"^){ue - 

where the positive constant C depends only on 5,7, and the constant coefficients of A. By using 
rearrangement and taking square roots, we obtain 

Mu, - < C [\y'f\H + \y'{ue - 

+ \y'-^'^^^\H + \y'+^'^D^p+\H + 1(1 + y)'/VV'+|H 

+ |(y2^+i|Z)CRj +y'')I^V'+lk + l(y'''+'l^'CRj +y'1i?Cd + 

+ 1(1 + y){y^'\DCR\ + + \{ue- ^+)\h 

+ \y^'\mD(:R\ + y'-^)\ + mDCR\ + f-^t'^){ue - • 

Applying Lemma IMD to estimate y\DC,R\ < 10 and y'^\D'^CR\ < 100 yields 

\\CRV'{Ue - < C {\y^f\H + \y'{Ue - 

+ \f~^'^i^^\H + \y'^^'^Dij+\H + 1(1 + y)'/V^+|/f 

+ \y^'D,p+\H + + 1(1 + y)?/''" V+k 

+ \{u,- ,1,+)\h + \y^'\y'~^ + y^'^'^^'){us - • 

But 

WCny^ius - ^P+)fv = \y^/^D{(:Ry\ue - + 1(1 + vY'^CRV^Ue - 

D{QRy'{ue - ^+)) = CRD{y'{ue - ^+)) + {DQR)y%Ue - 

and so 

\y^/''CRD{f{ue - + 1(1 + yf^RV^Ue - 

< \y^'^D{CRy\u, - i^+))\H + |y^+i/2|^CK|(n. - + 1(1 + yf^RV^iue - 

< \y''^D{CRf{u, - + 1(1 + yf'^Ry'iu, - + ny'^''\u, - ij+)\H 
(by g3I])) 

< WQrV^u, - ^+)\\v + 10|y^-V2(n, - ^+)|^. 

Combining the preceding inequality with the preceding estimate for \\C,Ry^{ue — ip'^)\\vi taking 
the limit as i? — t- 00, and applying the dominated convergence theorem and the Definition 12.151 
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of II • ||y, yields 

\\f{ue - V+)||y < C (lyVk + \f{Ue - 

+ ly^-'/'V'+k + W^^'^Di^+y + 1(1 + yf'h'^^\H 

+ \v^'Dij+\H + |y'^-V+k + 1(1 + y^'-V+k 

+ \{ue- V'+)|h + |//'(y^^^ + y^'^^'^'^){u, - ij+)\H) . 

Finally, since 

|y-i/2^+|^ + \y'+'/^Dtl;+\H + 1(1 + y)^/VV'+|// 

+ \y^W^+\H + |y'^-V+k + 1(1 + y^^-V+k 
< C (|yi/2z)((l + y''~'/'m\H + 1(1 + y)^/^(l + y''-'/')r\H) 
<C||(l + y2-i/2)^+||^, 

when s > 1/2 and where C depends only on s, we obtain (|4.33p from the preceding estimate for 
||y^(n,-V+)||y. □ 

To obtain a comparison principle for solutions to the Heston penalized equation, we require 

Hypothesis 4.24 (Condition on the upper envelope and obstacle functions). Suppose ip is as in 
Problem 14. 5i Require that there is a function M G ff^(^, ro) which obeys 

Tp <M a.e. on ff. (4.35) 

We then obtain 

Lemma 4.25 (A priori comparison principle for a solution to the penalized equation). Suppose 
there are M,m G H^{ff,n) obeying ([33]), dSSD, (ISJOll . and (I05]l . Let f G L'^{^,w) and require 
that f obeys (j3.12p . Ifu^ £ /^q (^U Tq, tt)) is a solution to Problem \4.14\ then M,m, and obey 

m<Us<M a.e. on ff. (4.36) 

Proof. We first show that < M on ff. We have {ue - M)+ E i7^((^, tt)) by Lemma 1X331 Since 
M > on Fi by (j3.8p and = on Fi (trace sense) by Lemma lA. 291 we have — M < on Fi 
(trace sense) and thus {us — M)"*" = on Fi (trace sense). Therefore (ug — M)+ G ffQ((^U Fq, tu) 
and we can substitute v := {ug — M)+ in (|4.12p to give 

axiue, {ue - M)+) + {P,{u,), {u, - M)+)h = if, (n, - M)+)h. 

If Ue{P) > M{P), so {ue{P) - M{P))+ > for some P e ff, then Us{P) > ip{P) since M > V 
a.e. on & by (OSl) . and thus (V'(-P) - ne(P))+ = 0; on the other hand, if Ue{P) < M{P) for 
some P £ ff, then (ne(P) - M(P))+ = 0. Therefore, (|iTT|) gives 

(/3e(n,), (n, - M)+)h = - n,)+, (n, - M)+)^, = 0. 

Next, integration by parts (Lemma 12. 23p yields 

ax{M, {u, - M)+) = {AxM, (n^ - M)+)h. 
By subtracting the preceding two equations we obtain 

ax{ue - M, {ue - M)+) + (/3,(n,), (n, - M)+)h = (/ - AxM, (n, - M)+)h, 

and thus 

ax{{ue - Af)+, (n, - M)+) = (/ - A^M, (n, - Af)+)H. 
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Hence, 

viWiue - M)+fy < ax{{u, - M)+, {ue - M)+) (by ^) 
= (/ - AxM, {ue - M)+)h 
<0 (by dsn). 

Therefore, {u^ — M)^ = a.e. on ^ and so < M a.e. on ^. (Note that since M, m obey (j3.9p 
and (13^01) . then M, m obey (l3lT|) .) 

Next we show that > m on i^. We have (u^ — m)~ G i7^(^, tn) by Lemma |A.33[ Since 
771 < on Fi by ()3.8p and = on Fi (trace sense) by Lemma lA. 291 we have — m > on Fi 
(trace sense) and thus {u^ — rn)" = on Fi (trace sense). Therefore (ue — m)~ G Hq{& U Fq, tt)) 
and we can substitute v := (u^ — m)~ in (14.120 to give 

a\{Ue, {Ue - m)~) + {l3e{Ue), {Ue - m)~)H = (/, {Ue - m)~)H, 

while integration by parts (Lemma 12.230 yields 

axim, {ue - my) = {Axm, {ue - m)~)H- 

Subtracting, 

a\{ue - m, {ue - m)-) + (/3e(Ue), {ue - m)-)H = if - Axm, {Ue - m)~)H- 

Thus, 

-ax{{us - m)~,{ue - m)~) + (/3e(Ue), {Ue - m)~)H = if - Axm, (Ue - m)~)H- 
Hence, ()4.1ip gives 

ax{{Ue - m)~,{Ue - m)~) + ^((t/' - lie)^, {Ue - m)~)H = {Axm - f, {Ue - m)~)H- 

By ([331) and the facts that {ip - Ue)^ > 0, {ue - m)' > 0, and Axm - / < a.e. on by I^TH^i . 

z^ilKue - m)~\\v < ax{{ue - m)~ ,{ue - m)~) 

< {Axm - f, {ue - m)~)H 

< 0. 

Therefore, {ug — m)~ = a.e. on 0' and so > m a.e. on 0'. □ 

4.3. Existence and uniqueness of solutions to the coercive variational inequality. We 

will need to consider a coercive version of Problem 14.51 



Problem 4.26 (Coercive variational inequality with homogeneous Dirichlet boundary condition). 
We call u G HQ{ffUTQ, to) a solution to the coercive variational inequality for the Heston operator 
with homogeneous Dirichlet boundary condition along Fi if is a solution to Problem 14.51 when 
(14. 7p is replaced by 

ax{u,v — u) > {f,v — u)l2(^-„,) with u>7p a.e. on i^, 

\/v G i?o(^ U Fo, ro) with t! > V a.e. on ff. ^"^'^^"^ 

Lemma 4.27 (A priori estimate for solutions to the coercive variational inequality). If u € 
H^{ff UTQjtv) is the solution to Problem \4.26\ then 

\W\\m((?',xv) < C (||/||L2(^^n,) + , (4.38) 

where C depends only on the constant coefficients of A. 
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Proof. Substituting v = ip'^ in (|4.37p and simplifying yields 

-ax{u,u) > {f,'4^)L^(^e^^-o) - (/,^^)l2(^^„) - ax{u,i)^). 
Applying p.3p and ()3.4p . we obtain 

^l\\'^\\m{0,w) < \\f\\L'^{6\xo)\\i^\\L^{6\xo) + ll/llL2(^?',re)||^^||L2(<?,m) + C'll'"ll//i H^"^ ' 
and therefore, using rearrangement and taking square roots, we obtain (I4.38p . □ 

Recall that a\{-, ■) is defined by (|3.2p . By analogy with [8l Theorem 3.1.1] we have: 

Theorem 4.28 (Existence and uniqueness for the coercive variational inequality). There exists 
a unique solution u G K to Problem \4.26\ 

Proof of uniqueness in Theorem \4-2^ The proof of uniqueness is almost identical to that of the 
proof of [H Theorem 3.1.1]. Indeed, suppose ui,U2 are possible solutions. We take v = U2 
(respectively, v = ui) in the inequality (|4.37p relating to ui (respectively, U2), to give 

ax{ui,U2 - Ui) > (/, U2 - Ui)h, 

ax{u2,ui - U2) > (/,ni - U2)h, 

and by adding, we obtain 

-ax{ui - U2, ui - U2) > 0, 

and hence 

Ui\\ui - U2\\v < ax{ui - U2,Ui - U2) < 0, 

and so ui = U2 a.e. on ff. □ 



Proof of existence in Theorem \4.28 , Given e > 0, let be the unique solution to (j4.12p produced 



by Theorem 14.181 By ()4.14p . the sequence {tf£}ee(o,i] C i^Q (^ U Tq, tu) is uniformly bounded in 
H^{0',to). Therefore, we can extract a subsequence, also denoted by {ite}eG(o,i]5 such that 

Us ^ u weakly in y as e — t- 0, (4.39) 

for some u £ V. We deduce from (j4.16p that 

{ip — Ue)^ — > strongly in as e — > 0. (4.40) 

The proof of (|4.25p . replacing Um ^ as m — 00 by ^ n as e — )■ 0, yields 

{tp — tig)"^ ^ {ip — u)^ weakly in as e — )• 0. 

Therefore, {ijj - u)+ = by (O0]l . Hence, 

Equation ([i?T^ . for v € H^{0' UTo,Ki) and v = Us, yields 

ax{Ue,v) + {l3e{Ue),v)H = {f,v), 
ax{Ue,Ue) + {/3e{Ue),Ue)H = {f,Us). 
When I) G K we have /3e('y) = and so, subtracting the second equation from the first, we obtain 
ax{Ue,V - Ue) - {f,V - Ue)H = We{v) " Pe{Ue),V - Ue)H > 0, 

where the inequality follows from (j4.13p . Therefore, 

ax{Ue,v) - {f,V- Ue)H > ax{Ue,Ue), 
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and hence, taking the hmit as e — )• and applying (j4.39p and Lemma IB.3| we find that 
ax{u,v) -{f,v-u)H> limmfaxius,Us) > ax{u,u). 

£-S>0 

Therefore, 

ax{u,v - u) > {f,v - u)h, G K, 
and ti is a solution to the variational inequality (j4.37p . as desired. □ 

Corollary 4.29 (A posteriori estimate for a solution to the coercive variational inequality). 
Suppose s > 1/2 and that there are functions M,m £ H'^{0',vo) obeying (j3.8p . (|3.9p . (|3.10p . 
glMD, and 

{l + y')M,{l+y")me L'^{^,'m) for some q > 2. (4.41) 
Require that f G tu) obeys (|3.12p and 

y'fGL^{ff,w), (4.42) 

while Tp G H^{^,)xi) obeys 

(1 + g (4 43^ 

If u G H^{ffU ro,tt)) is the unique solution to Problem \4.26\ then y^u G H^{i^,Vo), and 

\\y"u\\m{ffM < c (||yVllL2(^,w) + 11(1 + y'MLHi^^w) + 11(1 + , (4.44) 

where C depends only on s and the constant coefficients of A. 

Proof. Let {'U£}£g(o,i] -ffo((^ U ro,tt)) be the sequence defined in the proof of existence in 
Theorem 14.281 with ^ u weakly in H^{0',to) as e — )• by ()4.39p . Lemma [4.251 implies that 
M,m, and the Ue obey the pointwise bound ()4.36p . Therefore, by ()4.36p and ()4.4ip . we have 

(1 + y')|ne| < (1 + 2/')(|M| + |m|) a.e. on ^. (4.45) 

Hence, Corollary IA.20I implies that, after passing to a subsequence, we may suppose 

(1 + y'')ue (1 + y'')u strongly in L^{ff, m) as e 0. (4.46) 

Taking limits as e — > in the inequality (|4.33p yields 

lim^inf \\y'ue\\Hi(i^',w) < C (||?/'/||l2(^,w) + 11(1 + ylu\\LHi^',w) + 11(1 + y'^"~^^^)i^^\\m{ff,w)) ■ 

Moreover, ()4.33p and (I4.45P imply that the sequence {y^Ue} ^^(^q^i] is uniformly bounded in H^{ff, ro) 
and so, after passing to a subsequence again, we may assume that y^Ug ^ v weakly in if^(^, tt)) 
as e — ^ 0, for some v G HQ{ffUT^,xv). Since y^u^ — > y'^u strongly in L^((^, ro) as e — ^ by (|4.46p . 
we must have v = y^u a.e. on i^. Because ||?/*tt||_f/i(^,m) ^ liminf£_i.o l|y'*^e||_f/i(#\w)5 we obtain 
the inequality ()4.44p from the preceding estimate for liminfe_i.o ||y''^e||_f/i(^',w)- ^ 

Remark 4.30 (A posteriori estimate). The estimate in 14.291 is only a posteriori because we 
obtain it by taking limits of the solutions to the penalized equation and rely on the fact that the 
solution to the coercive variational inequality is unique. 

By analogy with [HI Theorem 3.1.4], which assumes that is bounded and A is uniformly 
elliptic with bounded coefficients, we have: 
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Theorem 4.31 (A priori comparison principle for the coercive variational inequality). Assume 
the hypotheses of Theorem \4.28\ If 

/2 > /i a.e. on ff, (4.47) 

ip2 > ipi a.e. on ff, (4.48) 

and Ui solve Problem \4.26\ with f,ip replaced by fi,^i, i = 1,2, then U2 > ui a.e. on 

Proof. In the variational inequality (|4.37p for ui, 

ax{ui,v - ui) > {fi,v - ui)h, 

we can take v — ui = —{u2 — ui)~ , provided v > ipi, to give 

- axiui, {u2 - ui)-) > -(/i, {U2 - ui)-)h. (4.49) 

Recall that we denote w = — w~ , where := max{w,0} and w~ := — min{tu,0}. When 
ui{P) < U2{P), then {u2{P) - ui{P))- = and v{P) = ui{P) > ^i(P), while if ui{P) > U2{P), 
then 

V{P) = Ul{P) - {U2{P) - Ul{P))- 
= Ul{P)+U2{P)-Ul{P) 
= U2iP) > MP) 

>MP) (byM, 

and thus v > ipi a.e. on ^, as needed for ()4.49p . 
In the variational inequality ()4.37p for U2, 

a\{u2,v - U2) > {f2,V- U2)h, 

take V — U2 = {u2 — ui)~ > to give v > U2 > Tp2 and thus 

a\iu2, {U2 - Ui)~) > (/2, (U2 - ui)~)h- (4.50) 

Adding inequalities ()4.49p and (|4.50p gives 

axiu2 - ui, {U2 - ui)-) > (/2 - /i, {U2 " ui)")// > (by (gaZl)). 

Consequently, using a{v^,v~) = for all v £ V and applying ()3.4p yields 

i^i\\{u2 - ui)~\\lr < ax{{u2 - Ui)~ ,{U2 - Ui)") < 0, 

so that {u2 — ui)~ =0 and thus U2 > ui a.e. on i^, as desired. □ 

To obtain a comparison principle for solutions to the coercive Heston variational inequality, we 
require 

Hypothesis 4.32 (Conditions on envelope functions). There are M,m G H'^{ff,tt)) obeying 
dMD, dSJD, (I3J0]1 . (105]) . and 

M,m e L'^{^,tv) for some g > 2. (4.51) 

We then have 

Lemma 4.33 (A posteriori comparison principle for the variational inequality). Suppose there 
are functions M,m £ H^{ff,m) obeying ([3SD, dS^D, dXTO]) . (f05]l . and P3T]1 . Let f £ L^{ff,tt)) 
and require that f obeys ()3.12p . If u £ //o(^U ro,tt)) is the unique solution to Problem \4-26[ 
then M, m, and u obey 

max{m, V"} < u < M a.e. on G. (4-52) 
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Proof. Let {us}e£{o,i] C //q U Fq, tr) be the sequence defined in the proof of existence in 
Theorem 14.281 with ^ u weakly in ro) by ()4.39p . Lemma 14.251 imphes that M,m, and 

the Ue obey the pointwise bound ()4.36p . Therefore, by (|4.36p and ()4.5ip . Corollary IA.20I implies 
that, after passing to a subsequence, we may suppose — )• n strongly in Lp'iff, ro) and thus, again 
after passing to a subsequence, pointwise a.e. on 0" by Corollary IA.22I Therefore the conclusion 
follows by taking pointwise limits in (14.36p . □ 

4.4. Existence and uniqueness of solutions to the non-coercive variational inequality. 

We can now proceed to the proof of the general, "non-coercive" case with the aid of 

Hypothesis 4.34 (Conditions on envelope functions). There are M,m G H'^{&,tv) obeying 

(1 + ?/)^/2M, + G L«(^,Id) for some g > 2, (4.53) 

(l + ?/)M, (l + y)mGL2(^,tt)). (4.54) 

Hypothesis 4.35 (Auxiliary condition for uniqueness of solutions to the non-coercive variational 
inequality). There is a G ff^((^, ro) obeying 

(1 + y)^/V e L'^i^, tw) for some q>2. (4.55) 

By analogy with [8l Theorem 3.1.5], which assumes that is bounded and A is uniformly 
elliptic with bounded coefficients, we have 

Theorem 4.36 (Existence and uniqueness of a solution to the non-coercive variational inequal- 
ity). Assume (f33T]) holds. Suppose there are M,m £ H'^{0,tv) obeying 1^3^, (I3l0]l . 
(051) . (Ii33]> . and (USD- Given f G L^{0,K)) obeying dOO]) and ^ G H^{0,to) obeying gS]), 
there exists a solution, u G H^{i? U Fq, to), to Problem \4.5\ and u obeys 

max{m, ^} <u<M a.e. on G. (4.56) 

Moreover, if there is a if £ H'^{0',n)) obeying Hvpotheses \3. 15\ and \4.35 , then the solution, 
unique. 
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Remark 4.37 (Role of the hypotheses in Theorem I4.36p . The pointwise growth and integral 
bounds involving m, M are required in the proofs of existence and uniqueness because the 

(1) Sobolev embedding theorems may not hold for weighted Sobolev spaces; 

(2) Rellich-Kondrachov embedding theorems may not hold for weighted Sobolev spaces or 
unbounded domains; 

(3) Bilinear form ()2.28p is non-coercive; 

(4) Domain 0' is unbounded; 

(5) Coefficients of A are unbounded on 0; and 

(6) Functions / and tp may be unbounded. 

See ^A.2I for additional comments on weighted Sobolev spaces and embedding theorems. The 
pointwise growth and integral bounds involving ip are required in the proof of uniqueness. 

Lemma 4.38 (A priori estimate for solutions to the non-coercive variational inequality). Assume 
the hypotheses of Theorem \4.36\ If u £ V is a solution to Problem \4.5\ and yu G L'^{i^,to), then 

\\u\\v < C {UWh + 11(1 + y)u\\H + , (4.57) 

where C depends only on the constant coefficients of A. 
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Proof. Setting fx := f + A(l + y)u and using the definition (j3.2p of ax to write the variational 
inequality (|4.7p as 

ax{u,v - u) > {fx,v - u)h, Vi; G K, 
we see that (|i371) follows from (|i38]) . □ 

We first consider the question of existence in Theorem 14.361 

Proof of existence in Theorem \4.36 . We adapt the proof of existence in [HI Theorem 3.1.5]. By 
i^M), we have AM > f a.e. on ^ and so {AM, v)h> (/, v)h for all v G F, w > 0. LemmaES] 
(which does not require M = on Fi) implies that {AM, v)h = a{M, v) and thus 

a{M,v) > {f,v)H, yv£V,v>0. (4.58) 

We shall use ()4.58p to help establish the 

Claim 4.39 (Existence of a monotonically decreasing sequence solving a sequence of coercive 
variational inequalities). If uq = M, then there exists a sequence {un}n>i C V such that 

Ufi^ip a.e. on Vn > 1, (4.59) 

a{Un,V - Un) + A((l + y)Un, V - Un)H > (/ + A(l + y)Un-l,V - Un)H, (4.60) 

£ V,v > a.e. on 0',n > 1, 
M > ui > ■ ■ ■ > Un-i ^ Un > ■ ■ ■ > m a.e on i^. (4.61) 

Proof of Claim \J739 Observe that if Un-i obeys m < Un~i < M, as implied by (I4.6ip . then 
(14.54P will ensure that (1 + y)un-i S L'^{^-, w) and Theorem I4.28| with source function 

/ + A(l + y)n„_i G L\ff,to), 

will yield a (unique) solution, ti„ £V,Un> i^, to ()4.60p . 

We now proceed by induction. To establish (I4.6ip . let n = 1 and choose v in (I4.60p such that 

v-ui = -{uo - Ul)~, 

that is, 

V = minjuo, ui} > ip a.e. on ff, 

using the facts that uq > ip, ui > tp a.e on 0', min{no,ui} = on Fi (trace sense), and 
minjtio, ui} G V hy Lemma [A.33|. so that -y G K. The choice no = M is admissible in ()4.60p since 
it is only used to define the source function, / + A(l + y)uQ, which does not require uq = on Fi. 
Therefore, (|4.60p with n = 1 gives 

-0(1*1, (^^0 - -"i)^) - A((l + y)ui, (no - ni)^)// > -(/ + A(l + y)uo, {uq - ui)~)h. 

Choosing v = (uq — ui)~ in (14.58P and recalling that uq = M hy hypothesis of Claim [4391 yields 

a{uo, (no - ni)~) > (/, (no - ni)")//- 

By adding the preceding two inequalities we obtain 

a(no - ni, (no - ni)") + A((l + y)(no - ni), (no - ui)~)h > 0, 

and thus 

a((no - ni)~, (no - ni)~) + A||(l + y)^/^(no - uiyWjj < 0. 
The preceding inequality and (j3.4p gives 

i/i||(no - uiyWy < ax{{uo - ni)~, (no - ni)^) < 0, 
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SO {uq — ui)~ = a.e. on if? and thus 

uq > ui a.e. on ^. 

We now assume (|4.6ip is established for {ui, . . . ,n„_i} and show that Un~i > Un a.e. on 0'. We 
choose G y to be defined in (j4.60p with n„ and respectively by 

V -Un = -{un~i - Un)~ in ()4.60p for n„, 
V - Un~i = (un^i - Un)~ in (14.60p for u„,_i, 

to give 

- a(n„, (n,i_i - n„)^) - A((l + y)u„, (u„_i - Un)~)H 

> -(/ + A(l + y)Un~l, (m„_i - Un)~)H, 

a{Un-l, {Un-1 - ■U„)^) + A((l + y)Un-l, {Un-l - Un)~)H 

> (/ + A(l + y)Un-2, (Un-l - Uny)H- 

Adding these inequalities yields 

a{Un-l - Un, {Un-l - Un)') + A((l + y)(n„_i - Un), {Un-l - Un)~)H 
> ^((1 + y){Un~2 - Un-l, {Un-1 " 

and thus, by ([3:2|1 . 

ax{{Un~l - Un)~, {Un-1 - n„)~) < A((l + y){Un-l - Un-2, {Un-l - Un)~)H < 0, 

where we use Un-2 ^ Un-i a.e. on 0" to obtain the last inequality. We conclude that 

Un-l ^ Un a.e. on ff, Vn > 1, 

just as in the argument that uq > ui a.e. on ^. This establishes the monotonicity in (]4.6ip . 
We may simultaneously establish the lower bound in ()4.6ip . that is 

Un^inn a.e. on ^, Vn > 1. (4-62) 

Again, we shall assume (j4.6ip is established for {ui, . . . ,n„_i} and show that Un obeys (j4.62p : 
we omit the initial step of assuming n = 1 and showing that ui obeys (I4.62P since the proof is 
virtually identical (one just replaces n„, by ui and Un~i by uq = M). We choose v in (j4.60p by 
setting 

V -Un = {Un- m)", 

that is, 

V = max{ii„, m}. 

We have v > ip a.e. on since Un > a.e. on 0', because n„ G K by its definition in (|4.6Up . 
Moreover, since Un S we have Un GV and m < on Fi by p.Sp . so it follows from (the proof 
of) Lemma lA.331 that 

V = max{u„, m} € V. 
Therefore, u € K. From ()4.60p . we obtain 

a{un, {un - m)~) + A((l + y)un, {un - m)~)H > (/ + A(l + y)un-i, {un - m)~)H, 
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which gives 

a{un - m, {un - m)~) + A((l + - m), (n„ - m)~)H 

+ o(m, (n„ - m)~), - m)~)H 
= a{un - m, {un - m)~) + A((l + y)(u„ - m), (n„ - m)~)H 

+ (^m, (n„ — m)~), {un — m)~)H (by Lemma [223]) 
> (/ + A(l + y)un-i, {un - m)~)H- 

Hence, 

a{un - m, - m)~) + A((l + y){un - m), (n„ - m)~)H 
> (/ - Am + A(l + y)un-i, [un - m)~)H-, 
and so, because a{u,u~) = —a{u~,u~) using u = u'^ — u~ and the Definition (j2.22p of a{u,v), 
a{{un - m)~, [un - my) + A((l + y){un - m)" ,{un - my)H 

< -(/ - Am + A(l + y){un-i - m), {un - m)~)H- 
By virtue of (|3.4p we then deduce 

z/i||(u„ - m)~\\y + (/ - Am + A(l + y)(n.„_i - m), (u„ - m)~))H < 0. 

By the induction hypothesis, Un-i — m > a.e. on and therefore, using / — Am > a.e. on 
from ([339]), 

(/ - Am + A(l + y)(u„-i - m), - m)^)// > 0. 

Hence, \\{un — m)~\\y < and so (u„ — m)~ = a.e. on i^?. Therefore, u„ obeys (j4.62p . By 
induction, the sequence {u„}„>i obeys (|4.6ip and this completes the proof of Claim [4.391 □ 

By taking v = vq gM. (see Assumption I4.12P in (I4.60p and using (13. 2p we obtain 

z^ill^nlly < a{un,Un) + A((l + y)u 

< a{Un,Vo) + A((l + y)Un,Vo)H - (/ + A(l + y)Un-l,Vo - Un)H- 

Thus, 

l^lWUnWv < C\\Un\\v\\vo\\v + A||(l + y)^/\n||H || (1 + y)^^^Vo\\H 
+ \\f\\H\\Un\\H + A||(l + y)l/\„_i||i^||(l + 

+ WfUhoWH + A||(l + y)'/\n-i\\H\\{l + y)'/^vo\\H, Vn > 1. 

But (1 + y)^^'^Un is uniformly L^((^, tr) bounded for all n > 1 by (|4.6ip . the fact that M,m G 
H'^{0',to), and the Definition 12.201 of H'^{0',tv). Therefore, the preceding inequality gives 

I^l\\Un\\v < Ci\\un\\v + C2, Vn > 1, 
for some < Ci , C2 < 00 and thus 

\\un\\v<C, Vn>l, (4.63) 
for some constant C independent of n > 1. Also, (j4.6ip implies that 

(1 + < (1 + y)^/2(l + |m| + |M|) a.e. on ^, V?i > 1. 



EXISTENCE, UNIQUENESS AND REGULARITY FOR OBSTACLE PROBLEMS 59 

Therefore, since (1 + + \m\ + |M|) E Li{ff,n) by (Ii33]l . Corollary [A^O] (with r = 2) 

implies that, after passing to a subsequence, 

(1 + yf/'^Un (1 + vY^'^u strongly in L'^{&, xo) as n oo. (4.64) 

We deduce from (j4.63p that, after passing to a subsequence, 

Un ^ u weakly in 1/ as n — )• oo. (4.65) 

Moreover, by passing to a subsequence, Un ^ u pointwise a.e. on ^ as n — )• oo by (j4.64p and 
Corollary lA. 221 Thus, taking pointwise limits in (j4.59p and (|4.6ip . we obtain 

max{m, ^} < n < M a.e. on ^, 

and therefore u obeys the desired bounds ()4.56p . Moreover, for all f G IC, 

a{Un,v) + A((l + y)Un, v)h - if,V- Un)H 

= a{Un,V - Un) + A((l + y)Un,V - Un)H + A((l + y)n.„, v)h - {f,V- Un)H 

+ a{un,Un) - A((l + y)u 

ni V Un)H 

> (/ + A(l + y)Un-l,V - Un)H + A((l + y)Un, v)h - {f,V- Un)H 
+ a{Un,Un) - + y)Un,V - Un)H (bv (|4.6UP ) 

= A((l + y)Un-l,V - Un)H + A((l + y)Un,v)H + a{Un,Un) 

- A((l + y)Un,V - Un)H 
= a{Un,Un) + A((l + y)Un,Un)H + A((l + y)Un-l,V - Un)H- 

Therefore, 

a{Un,v) + A((l + y)Un, v)h -{f,V - Un)H 
> ax{Un, Un) + A((l + y)Un-l,V - Un)H- 

Taking limits of both sides of the preceding inequality as n — t- oo, 
a(ti, v) + A((l + y)u, v)h - {f,v- u)h 

>limmi axiun,Un) + lim A((l + y)n„_i, u)// - hm A((l + y)n.„_i, ti„)/^ 

n— >oo n— >oo n— >oo 

> ax{u, u) + A((l + y)u,v)H - A((l + y)u,u)H (by Lemma|R3]) 
= a(u, u) + A((l + y)u, v)h, 

so that 

a{u, V — u) — {f,v — u)h > 0, G IC, 
and u is the desired solution. □ 

Remark 4.40 (Alternative approach to proof of existence). In the proof of existence in Theorem 
14.361 we could alternatively have chosen an increasing sequence, n > 0, starting from uq = 0, 
as suggested in [H p. 201]. 

We next consider the question of uniqueness. We follow the broad outline of the proof of 
uniqueness in [8l Theorem 3.1.5], but adapted to take account of the complications described in 
Remark 14.371 First, we shall need a preliminary reduction to the case of uniqueness when / is 
positive and the solution u is non-negative analogous to Lemmas 13.221 and 13.241 
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Lemma 4.41 (Reduction to the case of existence when the source function is positive and the 
solution non-negative). Assume the hypotheses of Theorem \4.36\ for existence and uniqueness and 
let G i^d(^ U To) n H'^{G,n) be as in Lemma fXM Define M,rh as in (I3.52p and f as in 
(|3.56|) and define 

i}:=ij + u^. (4.66) 
Then, in addition to the conclusions of Lemma \3.2Sl we have ip G i7^(^, tt)) and 

ip < onTi (trace sense), (4.67) 

while M,rh G H'^{G,xo) obey 

(l + y)^/2M, (l + y)^/^m G L<?(^,tt)), for some q> 2. (4.68) 

Moreover, existence in Theorem \4-3b] of a solution, u, to Problem \4-5\ defined by f and ip and 
obeying the bounds (j4.56p is equivalent to existence of a solution, u, to Problem |^.5| defined by f 
and ip and obeying 

max{^/^,m} <u<M a.e. on G. (4.69) 

Proof. We first verify the conclusions in the preamble. Observe that (|4.68p follows from (j4.53p 
and (|4.55p . and (|3.5ip . Since = on Fi then clearly (|4.67p holds because of the condition 
-0 < on Fi (trace sense) in Problem 14.51 

Existence of u implies existence of u. By assumption, there exists a function u^V obeying 
(09D and 

a{u, V — u) > {f,v — u)hi yv £V,v >ip. (4.70) 
By (f332]) and (fOTD . we have 

m + u^p < u < M + u^p a.e. on G. (4-71) 
Therefore, setting u := u — u^p yields 

m < u < M a.e. on G. 

Moreover, 

u = u — Uip>ip — Up = tp a.e. on G. 

Consequently, u obeys (j4.56p by combining the preceding two inequalities. For v £ V , write 
V := V — Up £ V and note that v > tp a.e. on G if and only \i v > tp a.e. on G. Then, 

a{u, V — u) = a{u — Up, v — Up — {u — Up)) 
= a{u — Up,, V — u) 
= a{u, V — u) — a{up,v — u) 

>{f,v-u)H-{Aip,v-u)H (hv ([M]) and (liTfOD l 



= {f,v-u)H (byiSSD) 

= {f,v-u)H, yv£V,v>ip. 

Hence, u is a solution to Problem |43] defined by the obstacle function, tp, and source function, /. 

Existence of u implies existence of u. By assumption, there is a solution u & V io Problem 14.5 
defined by the obstacle function, ip, and source function, /, which obeys (j4.56p . Set u := u + Up, 
so (I4.56j) implies that u obeys (|4.7ip . while 

u = u + Up,>ip + Uip = 'ip a.e. on G, 
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and thus u obeys (|4.69p . For v £ V, write v := v + u^^ £ V and recall that v > ip a.e. on 0' if 
and only v > ip a.e. on ff. Then, 

a{u, V - u) = a{u + u^,v + u^- {u + u^)) 
= a{u + n<^, V — u) 
= a(?i, V — u) + a{uyy,v — u) 

>{f,v-u)H + {Aip,v-u)H (by dnai]) and (gZD) 

= Cf,v-u)H (bydSSSI)) 

= {f,v-u)H, yv£V,v>ip. 

Hence, u obeys (|4.7U|) and thus is a solution to Problem 14.51 defined by the obstacle function, tp, 
and source function, /. □ 

Lemma 4.42 (Non-negative solutions). Assume the hypotheses of Theorem \4-36\ for existence 
and uniqueness. Let u G Hq{0' U Fq) he a solution to Problem \4-5\ defined by f as in (j3.56p and 
ip as in (14.661) . Then u obeys 

■u > a.e. on G. (4.72) 

Proof. Observe that (|3.54p and ()3.57p imply that / obeys < / < AM a.e. on and hence, 
replacing m by zero in ()4.69p . we obtain ()4.72p . □ 

Lemma 4.43 (Reduction to the case of uniqueness when the source function is positive and the 
solution non-negative). Assume the hypotheses of Theorem \4 . 36\ for existence and uniqueness and 
let f be as in (j3.56p and tp he as in (j4.66p . Then uniqueness of a solution, u, to Problem |^.5| 
defined by f,tp is equivalent to uniqueness of a solution, u, to Problem \4.5\ defined by f,ip. 

Proof. Let it<^ be as in Lemma 13.211 Lemma 14.411 implies that Ui S i?Q(^U Fq),? = 1,2 are two 
solutions to Problem 14.51 defined by f,ip if and only if ttj := Ui + € H^{0' VJ Fo),i = 1,2 are 
two solutions to Problem 14.51 defined by f ,ip. Therefore, ui = U2 if and only if ui = U2 and this 
yields the conclusion. □ 

Proof of uniqueness in Theorem \4.36 . We assume the reduction embodied in Lemma I4.41[ To 
simplify notation we shall omit the "tildes" and write f,ip,u for f^ip^u. 

Suppose ui,U2 are two solutions to (|4.7p . assumed non- negative by (|4.72p . The proof of unique- 
ness is identical to the proof of uniqueness in Theorem 13.161 until we reach the point where we 
need to consider variational inequalities rather than variational equations. Therefore, keeping in 
mind that ui,U2 now solve (|4.7p rather than (|2.2ip . we note that /3oUi satisfies the variational 
inequality 



ax{/3oui,Pov - l^oui) = a{/3oui,(3ov - /Squi) + A(/3o(l + y)ui,(3QV - /3oui)h (by ([32]) 
> iPof, Pov - /3oUi)h + X{/3o{l + y)ui, Pov - /3oUi)h (by dlZD) 
= (/3o/ + A/3o(l + y)ui,/3ov - I3oui)h 
= {fi,Pov - /3oUi)h (by definition (|3.69p of /i), 

for all P^qv > pi^ip, /3qv G V, and so 

axi/3oUi,v - Poui) > {fi,v- /3oUi)h, £V,v> M =: ipi. 
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Moreover, U2 satisfies the variational inequality 

a\{u2,v - U2) = a{u2,v - U2) + A((l + y)u2,v - U2)h 

>if,v- U2)h + A((l + y)u2, V - U2)h (by (glD) 
= (/ + A(l + y)u2,v - U2)h 

= (/2, V — U2)h (by definition ()3.69p of /2), \/v e V,v > := V'2- 

We are now within the setting of Theorem 14.311 since ()3.4p holds and 

fi < /2 on ^ by (IMjl and = jSotp < = ^2 on ^. 

Therefore, Theorem 14.311 implies that (3qUi < U2, analogous to (|3.72p in the proof of uniqueness 
in Theorem 13.161 and the conclusion follows exactly as in the proof of uniqueness in Theorem 

Km □ 

Corollary 4.44 (A posteriori estimate for solutions to the non-coercive variational inequality). 

Assume the hypotheses of Theorem \4.36 In addition, require that M,m € H'^{ff,m) obey 

(1 +2/'+^)M,(l G L«(^,tt)) for some q > 2, (4.73) 

and that f G L'^{ff,tv) obeys and that V' G H^{ff,Ki) obeys If u G H^{ffUTo,Ki) is 

the unique solution to Problem \4-5{ then y^u G H^{ff,Vo), y^'^^u G L^(i^, tt)), and 

WAma^M < c (||2/7IIl2(^» + m + y''-')u\\mff,n,) + ll(i + 2/''"'/')^+ki{^») , (4.74) 

where C depends only on s and the constant coefficients of A. 

Proof. Setting fx ■= f + A(l + y)u and using the definition ()3.2p of ax, we may view G K as 
the unique solution to 

ax{u,v - u) > {fx,v - u)h, G K. 
The source function fx = f + A(l + y)u obeys (j3.12p since 

Axm = Am + \{l + y)m (by dHJ) 

<f + \{l + y)u (by ([339]) and g36|)) 
<AM + \{l + y)M (by ([339]) and gSSD) 
= AxM (by (1136])). 

Since u obeys and M,m obey ([i?75|) . then y''{l + y)u G L'^{0',Xo) and so i/Va G L'^{^,vo). 

We can now apply Corollary 14.291 to conclude that (|4.44p holds with / replaced by fx and thus 
(jrai) follows. □ 

For completeness, we can now state and prove a posteriori comparison estimates for solutions 
to the coercive variational inequality: 

Corollary 4.45 (A posteriori comparison principle for the coercive variational inequality). Given 
/, -0 as in Problem \4-^ let u £ V,u > ip be the unique solution to Problem \4-26\ Then 

max{m,ip} <u<M a.e. on 

Proof. The conclusion follows from (|4.56p . noting that this inequality was established a fortiori 
by the proof of Theorem 14.361 for the non-coercive bilinear form a{u,v\, the hypotheses ()4.53p 
on m, M are not required for existence of ti, while the hypotheses on Lp were only required for 
uniqueness in the non-coercive case and may be omitted in the coercive case. □ 
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5. Regularity of solutions to the variational equation 



We establish higher regularity results for solutions to the variational equation for the elliptic 
Heston operator, Problem 12. 28[ In we prove an intermediate a priori estimate for first-order 
derivatives of these solutions (Proposition 15 . 1 1) while in §5.21 we derive a refined a priori estimate 
for first-order derivatives (Proposition 15. 8( ). In ^5.31 we derive a priori estimates for second-order 
derivatives (Proposition 15.121) . In §5.41 we show that solutions to the variational equation are in 
-ff^(^, tt)) and obtain an a priori i?^(^, ro) estimate for these solutions (Theorem 15. 17p together 
with an existence and uniqueness result for strong solutions (Theorem 15. 19p . We conclude in §5.51 
by showing that solutions are Holder continuous (Theorem 15. 20p . 

5.1. Preliminary a priori estimate for first-order derivatives of a solution to the vari- 
ational equation. We obtain a preliminary a priori first-derivative estimate for a solution to 
Problem 12.281 weighted by a power of y. 

Proposition 5.1 (A priori first-derivative estimate for a solution to the variational equation). 
There is a positive constant C depending only on 7 and the constant coefficients of A such that, 
if u €zV is a solution to Problem \2.28\ and y^^'^f, (1 -|- y)u G H, then y^/'^u G V and 




(5.1) 



(5.2) 



Proof. Let C,r be the cutoff' function in Definition 14.211 set 99 := CrV^^'^} observe that yCnu € 
H^{ffUTo,n) and 

\Dip\ < 10(y-i/2 + y^/2) on M^, Vi? > 2. 




and thus 




and as a{u,C'Ryu) = (/, C^y^)// by ()2.2ip . then (15. Sp yields 



WCRv'^^ufy < C {\{CBy'^^fXRy'^^n)H\ + A|((l + y)CRy'/\CRy'^\)H\) +C\{l + y)u 
<c{\y^'^f\H\y^l\\H + \{l + y)n\]j) 
<c{\y'''f\l + \{l + y)u\l), 



and thus 




with constant C depending only on the constant coefficients of A and 7. Using 
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and recalling the Definition 12.151 of the norm for H^{0', tti), we obtain 

\QRyDu\H < WUy^'^uWv + 1(1 + y)u\H, Vi? > 2, 

with constant C depending only on the constant coefficients of A and 7. Combining the preceding 
inequality with (|5.4p yields 

\CRyDu\H < C + 1(1 + y^ln) ■ 

Taking limits as — )■ 00 and applying the dominated convergence theorem yields (|5.ip . The 
estimate (j5.2p follows from ()5.ip . Definition 12. 15| and the identity y^/'^D{y^/'^u) = yDu + ^(0,u). 

□ 

5.2. Refined a priori estimate for first-order derivatives for solutions to the variational 
equation. By considering an elliptic version, Lu := y^^^{{y^Ux)x + {y^Uy)y), of the parabolic 
model operator, considered by Koch in [55t Equation (4.43)], and the map w 1— )• Tw := u defined 
by the solution to the equation Lu = w, one would anticipate estimates (j5.5p and (j5.42p analogous 
to the first and second-order derivative estimates in \55\ Lemma 4.6.1] and its formal proof; 
compare [56^ Theorems 1 and 1']. The first-order estimate (15. 5 p is sharper than (13.41 p . 

Because the argument used by Koch in |55t Proof of Lemma 4.6.1] is formal (as Koch himself 
underlines |55t p. 88]), one of our goals in this subsection — aside from extending his result 
to case of the Heston and similar degenerate, second-order elliptic operators with lower-order 
terms on unbounded domains — is to provide a rigorous proof of \55\ Lemma 4.6.1] and our 
extensions. In order to avoid technical difficulties which would arise if we used cutoff functions 
or finite differences (compare the proofs of |44t Theorems 8.8 &: 8.12]), we shall instead appeal to 

Theorem 5.2 (Existence and uniqueness of classical solutions when the source function is smooth 
with compact support). [32], [83] Suppose that f G Cq°(^) and Ti is C°° . Then there exists a 
solution ueC°°{ff) to Problem{KM 

Remark 5.3 (Holder regularity analogue of Theorem 15. 2p . See Definition 12.131 for C°°{^). The- 
orem [52] is a special case of more general existence, uniqueness, regularity results, and Schauder 
estimates for classical solutions to the elliptic Heston equation in [32], [83], where we have a 
(jk+2,a boundary portion, Fi, and source function, / G Cq'"(^) (fc > 0, a G (0,1)), yielding a 
solution, u G C'^"'"^'°(^); these results are obtained by adapting the proofs of [22l Theorems 1. 1.1 
& II. 1.1] for a linearization of the (parabolic) porous medium equation. 

Remark 5.4 (Existence and uniqueness of classical solutions to the coercive equation when the 
source function is smooth with compact support). Theorem 15.21 extends to the case where A is 
replaced by A\ = A + A(l -|- y) in Problem 12.251 

Theorem 5.5 (Regularity up to the boundary of a solution to the coercive variational equation 
when the source function is smooth with compact support). Suppose that u G Hq{0' U ro,tt)) 
is a solution to (j3.6p with source function f G L^((^, tn). If f £ Cq°(^) and Pi is C°° , then 
u G C°°{i?) and is a solution to Problem \ 2. 2 5\ with A replaced by Ax. 

Proof. Theorem 15.21 and Remark 15.41 provide a solution u G C°^{^) to Problem 12.251 with A 
replaced by Ax and source function / G C^{ff), so Axu = f on & and tt = on Fi. Since 
C°°(^) C H'^{&,^), then u G H'^{&,'m) and Lemma [229] implies that u G i/g^^ U Fq, Id) and 
that u is a solution to (j3.6p . 

By hypothesis u G Hq{^ U Fq, tn) is a solution to (j3.6p with source function / G L^(^, Id) and 
this solution must be unique by Theorem 13.41 Hence, u = u a.e. on ^, and thus u G C°°(^), as 
desired. □ 
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Remark 5.6 (Holder regularity analogue of Theorem I5.5p . Theorem 15.51 extends to the more 
general case of 0^+"^^°^ boundary portion, Fi, and source function, / G (A; > 0, a G (0, 1)), 

yielding a solution, u G C'^"''^'"(^), and is considered in [32], [83] , 

Remark 5.7 (Regularity up to the boundary of a solution to the non-coercive variational equation 
when the source function is smooth with compact support). Although not used in this article, if 
we are given the additional hypotheses in Theorem [3?T6] required to ensure uniqueness of solutions. 
Theorem 15.51 extends to the case of a solution, n, to Problem 12.281 

We now prove an analogue of the first-order estimate obtained in the formal proof of [55^ 
Lemma 4.6.1]. 

Proposition 5.8 (A refined a priori first-order derivative estimate for solutions to the variational 
equation). Assume the hypotheses of Theorem \3. 1 6\ for existence and require, in addition, that G 
obey Hypothesis \2. 7| and that the boundary portion, Ti, is C^'". If u ^ V is a solution to Problem 
\2.28\ and yu G 170, ro), then 

\Du\h <C{\f\H + \{l + y)u\H), (5.5) 
where C is a positive constant depending only on the constant coefficients of A. 

Proof. The non-coercive variational equation (I2.2ip in Problem 12.281 may be written as an equiv- 
alent coercive variational equation (13. 6p . that is 

ax{u,v) = {fx,v)H, yvGH^i^UTo,^), (5.6) 

where a\{u,v) is defined by ()3.2|) and 

fx:=f + X{l + y)ueL\ff,w). (5.7) 

Remark 5.9 (Illustration of the proof when Pi is C°°). For the sake of clarity and notational 
simplicity in the proof of Proposition lSTSl we shall assume that Fi is C°° and apply the reduction to 
u G C°°(^) when / G Cq°((^) enabled by Theorem 15.51 however, at the cost of more cumbersome 
notation, one could just as easily assume Fi is C^'" (a G (0, 1)) and apply the reduction in 
Remark 15.61 to the case / G Cq*(^), yielding a solution, u G (7^'"(^). 

Step 1. Reduction to the case of a smooth source function with compact support and a smooth 
solution. From Lemma lA.41 we may choose a sequence {/A,n}n>i C C^{G) such that 

fx,n fx strongly in L'^{ff, to) as n ^ oo. (5.8) 

Let {un}n>i C C°°{d') n Hq{^ U Fo,tt)) be the corresponding sequence of solutions to (|5.6p 
produced by Theorems 13.41 and 15.51 Now Un — Un' solves (|5.6p with source function fx ^ — fx,n', 
for all n,n' > 1, and by (j3.7p obeys, 

\\Un — Un'\\m{ ff,txj) < C\\fx,n — fx,n'\\L'^{ff,n)j \/n,n' > 1. 

Hence, the sequence {un}n>i is Cauchy in Hq{0' \JTq,vo) and 

Un. —7- u strongly in H^[0', tt)) as n — t- oo, 

for some u G i?o(^UFo, tt)) which necessarily solves (|5.6p . Because the solution to (|5.6p is unique 
by Theorem 13.41 we must have u = u a.e. on ff. Therefore, 

n„, — u strongly in H^{tff, ro) as n — )• oo, (5-9) 

and Un = on Fi, for all n > 1, by Lemma lA. 251 
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Suppose we have shown that 

\\CRDUn\\L2(0\w) < (ll/A,n||L2(^^„) + + y)CRUn\\L\(^,m)) ) Vn > 1, (5.10) 

where C depends at most on the constant coefficients of A and (r is the cutoff function in 
Definition 14.211 By (j5.10p and the fact that u„ — u„/ solves (|5.6p with source function fx^n — fx,n', 
for all n,n' > 1, we must also have 

||Cfl-D(n„ - n„/)||^2(^^„) < C {\\fx,n - fx,n'\\L^{(^,m) 

\ / (5-11) 

+ \\{'^+y)CR{Un-Un')\\L^{f^,n)) ^ Vn, ?1 > 1. 

Since {un}n>i is Cauchy in L^(i^, to) and, by Definition 14.211 of the cutoff function, Ci?, obeys 

+ y)CR{Un - Un')\\LH(?,m) < C {I + 2R)\\Un - Un'\\ L^^^f^n)^ 

then {(1 + y)CRUn}n>i must be Cauchy in L^(^, to). Since {fx,n}n>i is also Cauchy in L^(i^, to) 
by (|5.8|) . the sequence {CRDun}n>i is Cauchy in L^((^, ro) by (|5.11|) and so 

QrDuti — )• w strongly in L^(^, to) as n — )■ oo, (5.12) 

for some w G -L^(i^, to), and thus, 

y^^^CRDun y^^'^w in the sense of Lf^^i^) as n oo. (5.13) 

Because n„ — )• u strongly in ff^(^, to), we have 

y^^^Dun — > y^^^Du strongly in L^((^, tr) as n — )• oo, 

and therefore, 

y^^'^CRDun y^^^CRDu strongly in L^(^, ro) as n oo. (5.14) 

Consequently, y^/'^w = y^^'^^RDu a.e. on by (]5.13p and (I5.14p . and thus w = C,rDu a.e. on 
and (Isfm yield^ 

CrDuu^CrDu strongly in L2(^,tt)). (5.15) 
By taking limits in (|5.1Up as n — )• oo, we obtain 

\\CRDu\\L2^ff^„) < C (||MIl2(^» + 11(1 + y)Cii«llL2(^,w)) , Vi? > 2, (5.16) 

where C depends only on the constant coefficients of A. Finally, using ||(1 + y)CRu\\L'2{&,m) ^ 
11(1 +y)u\\L^(^^m) ^i^d taking limits as i? — )■ oo in (j5.16p and applying the dominated convergence 
theorem yields 

II-C'^^IIl2(^,w) < C {\\fx\\L2{ff,n) + 11(1 + y)^^llL2(^_„)) , 
and (j5.5p follows from the preceding estimate and (|5.7p . 

Step 2. Verification of the a priori estimate when the source function and solution are smooth. 
The preceding argument shows that it is enough to prove (j5.16p when fx is replaced by / E C'^{&) 
and ueC°^{d), with m = on Fi, solveffl 

ax{u,v) = {f,v)H, V^;e//i(^UFo,tt)). (5.17) 

For (5o > as in Hypothesis 12.71 we have 

ll^w||L2(^j-_rt,) < l|-DM||i2(^n(]Rx(o,5o)),m) + ll^^llL2(^n(Rx(<5o,oo)),ix))- 

■^In order to prove Proposition 15.81 it would have been suiBcient to use C,B.Dun — >■ C,rDu weakly in L^(i?, tn), 
which follows immediately from the estimate (jS-lOp and the convergence results (|5.8p and H5.9|l : however, the strong 
convergence result (|5.15p is used in the proof of Proposition 15.121 

^Since Vo\{ff,ro) < oo, we have C°°{iff) C //^(^, ro), so / £ L'^{ff,\xi) and, because ?i = on Ti, then 

u e Ho^(^uro,ro). 
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But 

ll-0«llL2(<5'n(Rx(5o,oo)),ro) < <^0 lly^^^-^^llL2(^n(Rx (<5o,oo)),ro) 

< C\\u\\H^f?,n) 

<C||/IIl2{#» (hym)- 

Consequently, to prove (|5.5p . it is sufficient to consider the cas^ 

^ = To X M+ and Ti = OTq x M+. 
Let Ci? be the cutoff function in Definition 14.211 and set 

V = C'^Uy on ff. 

Because u = on Fi, we have = on Ti and as ^ C'^(^), since u G C°°{^), we must 
have 

V G Fo^(^uro,tr). 

Substituting -y = C^""?/ ™ the expression for a\{u,v) given by ()2.12p and ()3.2p and recalling that 
by Assumption 12.51 we may assume hi = 0, yields, 

ax{u, v) = ]- i {uxUxy + paUyUxy + pau^Uyy + a'^UyUyy) C^y ro dxdy 
^ J 

— / {aiyux — ru) UyC'^ K> dxdy 
J & 

-7: {ux + pcfUy) Uy sign(x)C^y tt) dxdy 

+ / iux^ pcruy) UyCCxy tt) dxdy 
J iff 

+ / {pcrux + 0"^%) UyCCyV W dxdy 

+ A / (1 + y)uC^Xvdxdy 

J ff 

=: K1 + K2 + K3 + K4 + K5 + Ke. 
Using UxUxy = \{u^)y, UyUyy = ^{Uy)y, aud the expression for tv in ()2.9p . we obtain 

^^^\ Iff + P^UyUxy + paUxUyy + yl^^y);;^ ^2 ^-7] X | - /.J/ ^^^y 

= \j/ ii^Dy + ^'K).) C'e-^l^l-^^ rfxdy 
=:Kn+Ki2. 



5 



For this segment of the proof we only need to consider the case where Fi is C°°, as assumed in Theorem 15.21 



though analogues of Theorem 15.21 hold for boundaries which are less regular by Remark 15.3 
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Integration by parts with respect to y in the term Kn, using the assumption in this step that 
^ = To X M+, gives 

= [ yP-^ (ul + a\l) C^e-^l-l-^^ dxdy 
+ ^ f/ {ul + aWy) ee-^\^\-^ydxdy 

- \ / [ul + a^l) aye-^\^\-^y dxdy 
=: Kiii + Kii2 + Kii^- 

Integration by parts with respect to y in the term ii'12, using the assumption in this step that 
^ = To X M+, gives 



Ki2 = \ I y^pa{u^Uy)yC'e-^\^\->'ydxdy 
= -^l y^~^pau^Uyee-^\''\-^ydxdy 



Write 



yf^ pau^UyC,C,ye ^1^1 dxdy 



= ■ K121 + 1^122 + Ki23. 

K2 = — aiUxUyC'^y Xo dxdy + / ruUyC,'^ to dxdy 
J J0 

:= 7^21+^22- 

The identity (I5.17|) with v = C'^Uy gives 

{Km + Kiu + Kus) + (7^121 + 1^122 + K123) + K21 + K22 
+ + K^ + K5 + Ke = if, C\)h, 
and it remains to bound Km + K121 using the other good terms. Observe that 



/3 f 

-{Km + K121) = 4 i'^l + '^^'"y) C^"' dxdy 



/5 f 

+ — paUxUyC'^W dxdy 



2 







>^^^^j^ljul + a'ul)e^dxdy, 
using 2\paUxUy\ < \p\{u'^ + o-'^Uy). Hence, writing the identity (15.181) as 



{Km + K121) = -(/, Cuy)H + K112 + Ku3 + K122 + K123 + K21 + K 
+ K3 + Ki + K5 + Ke, 



22 



(5.18) 
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and using the universal estimate (j4.29p for = D(^r, yields 

iCDuljj < C {\Cf\H\CDu\H + \y^^^CDu\jj + \Cu\h\CDu\h + |(i + y)Cu\ji] 
Rearrangement and taking square roots gives 

\CDu\h < C (ic/Ih + \y'^^CDu\H + 1(1 + y)Cn\H 

<c{\f\H + \y^^^Du\H + \{l + y)Cu\H] 

<c{\f\H + \{l + y)Cu\H) (by(l32D), 
and thus, recalling that ( = (r, this gives ()5.16p . This completes the proof. □ 

5.3. A priori estimate for second-order derivatives of a solution to the variational 

equation. We have an analogue of |441 Theorem 8.8], [31] Theorem 6.3.1]. 

Theorem 5.10 (Interior regularity). If u ^ -ffg (^ U Fq, tti) is a solution to Problem \2.28\. 
then u G Hf^^^ff) and, for any pair of subdomains ff" 0' d G , 

||^i|b2(^") < C (||/||l2{^',w) + 11(1 + y)'"llL2(£?',ro)) > (5-19) 
where the constant C depends only on 6" ^ G' and the constant coefficients of A. 

Proof. This follows from [441 Theorem 8.8] or |3H Theorem 6.3.1], and (j3.4ip . □ 

We have an analogue of [441 Theorem 8.12], |3H Theorem 6.3.4]: 



Lemma 5.11 (Local H estimate near Pi). Require that the domain, G, obey Hypotheses IK 
and \2.9\ with k = 2. Let Sq be as in Hypothesis {KV^ Suppose f £ Cq°(i^) and that u G C°°((^) is 
a solution to Problem \2.27\ Then, for the bounded subdomains U' = f/j C Uj = U cM? defined 
in Hypothesis \2.9l we have 

ll?/-D^^i||L2(C/'n<?,w) < C (||/||L2(f/n<?,m) + 11(1 + y)Du\\LHunff,K) + 11(1 + ?/)'"llL2(c/n^,re)) > (5-20) 
where the constant C depends only on the constant coefficients of A and the constants 6o,6i, Mi, Ri 
of Hypothesis \2.9l 

Proof From (fZTHD and (i2T9]l . we have 

Au = y~^f on G and u = on Fi, 

where, by (fL2D . 



Au:= - ^ {uxx + 2pauxy + cf'^Uyy) - ((r -q)/y - l/2)ux - ii{9/y - l)uy + {r/y)u. 



Let ?7 G C^{M?) be a cutoff function with < r/ < 1, ?/ = 1 on B{l/2), r? = on \ B{1), and 



|L»"r/| < 100 for multi-indices |a| < 2. Let C = o $ G C^{M?), where $ = as in Hypothesis 



2Jl so C = 1 on [/' and C = on \ f/. Consequently, 

A{Qu) = f onU and = on d{U D G), 



where 



/:=C2/~V-[^,C]n 

= Cy"V + ^ {C,xyU 

+ ((r - q)ly - l/2)Gn + KiBjy - \)^yU (by ^M)- 



Qy V + ^ {'^^y'^ + "^CxUx + 2pa{CxxU + CxUy + (yUx) + O-'^iCyyU + 2CyUy)) 
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We have S Hl{U n ff) since u G C°°(^) by hypothesis and = on d{U n ff). Thus, 
C,u S Hq{U n and C,u is a weak solution to A{C,u) = / on [/ n in the sense of [SH §6.1]. From 
|3H Equation (6.3.42)] and examination of the proof of |31t Theorems 6.3.1 & 6.3.4] to determine 
the dependencies of the constant C, we obtain 

llC^i||/f2{c/n<?) < C (||/||L2([/n^) + \\C,u\\L2(jj^ff^) 

/ „i \ (5-^1) 

< (||y /||L2(c/n<?) + ll-^'"llL2{c/n<?) + W^Wi'^iune)) 

where C depends only on the constant coefficients of A and the constants (5o , (5i , Mi , i?i of Hy- 
potheses [22] and [2121 Let y = max{y : G [/} and y = min{y : {x,y) G [/}. Then 

y < y + diam([/) = y{\ + y~^diam(C/)), 

and so, because y > (5o/4 since [/ C M x (5o/4, oo) by Hypothesis 12.91 we have 

y <y(l + 45oMiam(t/)). 

Hence, 

\\yD'^u\\L2(jj,r,ff) < y\\D'^AL^(U'ne) < Cy\\D'^u\\L2ijj,^ff^ 

< Cy (||y~VllL2(c/n^) + \\Du\\L2(^unff) + hh^unff)) (by (|5.21|)) 

< C" (||/||L2([/n<:?) + \\il + y)Du\\L2^uniT) + WC^- + vMiHuni^)) ■ 
Let X = max{|x| : {x,y) G U} and x = min{|2;| : {x,y) G C/}. For /3 > 1, 

sup /-ig-^l^l-'^J^ < /-le-Tl^l-'^^ < Ci/-ie-^l*l-^^ 

<Ci inf /-ig-^l^l-'^?', 
(x,s/)ec/ 

where Ci depends only on /3, 7, ^, (5o, diam(C/); when < /3 < 1, the same estimate holds using 
yl3-i < C2y^~^, where C2 = (1 + 4(5(^^diam(f7))^~'^. Therefore, the estimate (j5.20p follows, since 
tt) = /-ig-^l^l-'^?^ by dlSD. □ 

Next, we have the following analogue of the second-derivative estimate in [551 Lemma 4.6.1]. 

Proposition 5.12 (A priori second-derivative estimate for a solution to the variational equation). 
Require that the domain, & , obeys Hypotheses \2.7\ and \2.y\ with k = 2 and a G (0, 1). Then there 
is a positive constant C , depending only on the constant coefficients of A and the constants 
(5o, Ml, i?i of Hypothesis \2. 71 such that, if f & L^(i^, to) and u G //q U Fq, to) is a solution 
to Prohlem \KM and f.vu.(l + v)Du G L^f^.tp). then u € Hf^^{ff) and yD'^u ^ L'^{ff ,Xo) and 

\\yD^u\\LHff,») < C (||/||l2(^,„) + 11(1 + y)I?n||i2(^.„) + 11(1 + y)n||i2(^») . (5.22) 

Remark 5.13 (Finite differences and Proposition 15. 121 when the domain is a half-plane). When 
^ = H, the a priori estimate and regularity result in Proposition 15. 121 can be proved by adapting 
the finite difference arguments employed in the proofs of j3H Theorems 6.3.1 & 6.3.4] or |441 
Theorems 8.8 &: 8.12], without appealing to Theorem 15.51 

Proof of Proposition \5.12\ Lemma 15.111 takes care of the estimate for yD'^u near Fi so we now 
focus on the estimate for yD'^u near Fq and in the interior of i?, and then combine these 
bounds to obtain the desired estimate for yD^u over ^. In our proof of Proposition 15.121 we 
shall again appeal to Remark 15.91 and assume Fi is C°° for the sake of clarity of exposition. 
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Step 1. Reduction to the case of u e C°°(^). Let {/A,n}n>i C C^{^) and {u„}„>i C C°°(^) 
be as in the proof of Proposition 15. 8i Suppose we have shown that 

\\yCRD'^Un\\L^ff,w) < C (||/A,n||L2(<?,ro) + 11(1 + y)C2R^^^n ||L2(^,tt,) , 

(5.23) 

+ +y)C2RUn\\L^ff,n)) > Vn > > 2, 

where C is as in Proposition l5.12l and C_r is the cutoff function in Definition [4211 Since Un ^ u and 
C,2RDun — )• C2rDu strongly in ro) by (j5.9p and (j5.15p (with R replaced by 2i?), respectively, 

we have 

C2/?(l + y)un C2i?(l + y)u strongly in L'^{^, ro) as n oo, 
C2fl(l + y)Dun C2ij(l + strongly in L'^{ff, «) as n oo. 

Using (j5.8p and an argument similar to that used in the proof of Propositio nJ5.12l we see that 
(I5.23P implies that the sequence {yCRD^Un}n>i is Cauchy in L^(^, ro) and sou 

yC,RD'^Un — ^ w strongly in L'^{&, tn) as n — ^ oo, (5-24) 

for some limit w G L^((^, ro). By Theorem 15. 101 we have D'^u G L'^^^{i?) and (|5.19p implies that 

\\D'^{Un - Un')\\L'^[ff") < C (||/A,n - ! \n'\l?'{e' + ll""" " ^n' II L2 ) 

Vn,n' > > 2, 



for any 6" ^ G and a constant C depending only on the constant coefficients of A, G" ^ G\ 
and R. Therefore, 

yCnD'^Un —5- uCrD^u in the sense of Lf^^{G') as n — oo. (5.25) 
Consequently, w = uCrD'^u a.e. on G by (15.241) and (15.251) . and so by (|5.24p . 

yCnD'^Un — ^ uQrD'^u strongly in L^(^, ro) as n — ;> oo. (5.26) 
Taking limits in (15.23P as ?i — )• oo gives 

'^\\ L"^ ((f ,xo) < (II/a||l2(^» + 11(1 + y)C2RDu\\L2i^ff 

,xo) + 11(1 + y)Q2Ru\\L-^{^i,\w)) ) (5.27) 

for all R > 2, where C is as in the hypotheses of Proposition 15.121 Finally, using |C2_r| ^ 1 in 
the right-hand side of (j5.27p and taking limits as — )■ oo in (|5.27p and applying the dominated 
convergence theorem to the left-hand term yields 

l|y^^^^llL2(^» < C (||/A||L2(^,ro) + 11(1 + y)^^i||L2(^» + 11(1 + y)u\\L^&,m)) > 

and ()5.22p follows from the preceding estimate and ()5.7p . 

Assuming the reduction in Step 1 to tt S C°°{G) for the remainder of the proof of Proposition 
15.121 we shall derive the L^(^, tt)) estimate (I5.22|) for yD'^u using the following steps: 

(2) estimate for yD'^u over G}^ \ 

(3) estimate for yD'^u over G assuming u = on ^1^/2 \ ^5o' 

(4) estimate for yD'^u over G without assuming u = on \ ^5o' 



''It would suffice for tfie proof to use (|5.23|) to show that y(,RD^Un w weakly in L^{ff, tv) as n oo. 
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Step 2. estimate for yD^u over \ ^^j,/2' ^^'j^ ^"^^ {^ii Hypothesis [27 

Then, 

^^y^l W + {l + y?\Du\^ + {l + y)M^)^dxdy (by(l52QD) 

<C{Ri + l) {Iff + {l + yf\Du\^ + {l + yf\u\^)xodxdy (by Hypothesis El]). 

Thus, 

||yL»2^||i2(^l ) < C(||/||i2(^^) + 11(1 +y)L>u||i2(^„) 

+ 11(1 + y)'"llL2{<?\re)) , 

where the constant C depends only on the constant coefficients of A and 7, 60, 5i, Mi, Ri. 
Step 3. estimate for yD^u over G under the assumption that 

7x = 0on^,\/2\<- (5-29) 

Because we shall need to integrate by parts with respect to x or y alone, we use (|5.'29p to extend 
u by zero, 

^-1" r (5-30) 

[0 on (M X [(5o,oo)) \ ^, ^ ' 

and observe that u G C°°(M x [5o, 00)); we relabel -u to n for the remainder of this step. Moreover, 

^n(Mx (0,5o)) = ro X (0,5o), (5.31) 
by Hypothesis O Note that ([23]) gives 

— y [U^^ + 2U^y + Uyy) = —y [U^^ + U^y) + —y [U^y + Uyy) 

< I («L + 2pau^^U:,y + a'^uly) (5.32) 



Integrating by parts with respect to y, using (j5.30p and (j5.3ip . gives 
/ y^ulyndxdy= I y^+'u,yu,ye-^'y-^\'''\dxdy {hy ^) 



y^^^u^u^yye-^'y-^\^\ dxdy - / /((/3 + 1) - ^ly)u^u^ye-^'y-^\^\ dxdy 



+ / y^+^u,u,ye-^\''\ dx. 
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But the integral over Fq is zero since u S C°°{0') and /3 > 0. Then, integrating by parts with 
respect to x, using (j5.30p . in the preceding equation gives 



y^lytv dxdy = / /+^n,:.%j,e-™-^l"l dxdy - / /((/3 + 1) - ^ly)u^u^ye- ^'V-^^^^ dxdy 
-7 / y^+^U:,UyySign{x)e-^'y-^\''\ dxdy - [ y^+^^Uyye-^'^''-'^''^ dxdy. 

But the integral over Fi is zero since u = along Fi and therefore Uyy = on Fi n while 
n = on \ ^5o assumption (|5.29p . Thus, by (j2.3p we obtain 

/ y'^ulytv dxdy = / y'^UxxUyyVo dxdy - j y{{(5 + 1) - fiy)uxUxyto dxdy 
Je Je Jff (533) 

- 7 / y^UxUyy sign(x)tt) dxdy. 

J e 

Multiplying both sides of (|5.32p by ym{x,y) and applying the preceding identity yields 

— / y \D u\ Wdxdy< - y [u^xiuxx + '^pcru^y) + o- u ) to dxdy 

+ ^ / {■"L + Uyy{2pauxy + o-'^Uyy)] Xo dxdy 

= \ ( y'^Uxxiuxx + '^P(^Uxy + cr'^Uyy)Kidxdy (by (|5.33p ) 

t; I y'^Uyy{uxx + 'ipauxy + a'^Uyy)tv dxdy 
^ Jff 

y{{(3 + 1) - fiy)uxUxyn dxdy 
7 / y'^UxUyySign{x)tvdxdy, 



+ 

^ Jff 
2 

1 + ^2 



and thus 



^ / y^\D^u\''xodxdy 



< /" y2(Ma;a; + Uyy){uxx + '^.pauxy + cr'^Uyy)tv dxdy 

y{{j3 + 1) - ny)uxUxym dxdy — 7 / y'^UxUyy sign(x)tD dxdy. 

^ Jff 



We express our operator A as A = A2 + Ai + Aq, where Ai denotes the i-th order part of A, and 
note that by (|1.2p we have —A2U := ^y{uxx + '2p(yUxy + (y'^Uyy), Aiu := —{r — q—^)ux — K{6 — y)uy, 
and Aqu := ru. Lemma [2.291 implies that u solves Problem 12.251 since C°°(^) C H'^{iff,w) and 
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SO Au = / on 1^ by (|2.18|) . Therefore, because —Au2 = Aiu + Aqu — f on 0', we obtain 

^ f „.2| n2„,|2 

2 



/ ((/3 + l)yUxUxy - ny'^UxUxy)to dxdy 



2 

1+^2 



7 / y'^UxUyyS\gn{x)vodxdy 
J e 



Therefore, 
and so 



< \^y{uxx + Uyy)\n\Axu + Ao^i - !\h 

{\(ux,yUxy)H\ + \{yUx,yUxy)H\ + \{yux,yuyy sign(x))H|) 

< ClyD^^ln (1(1 + y)Du\H + \u\h + 

+ (liixlnlyuxyk + \yux\H\yuxy\H + l^/^^xklyuTOk) • 

ly^'t^ll, < C (1(1 + y)Du\H + |«k + l/k) 



X 



< C (1(1 + y)Du\H + \n\H + Ifln) • (5.34) 
This is (j5.22p . except for the term \u\h < |(1 + y)u\H on the right-hand side, but obtained with 
the additional assumption (j5.29p . 

Step 4. estimate for yD^u over G without the assumption (j5.29p . We now remove the 
assumption ()5.29p using a cutoff function argument. Let x £ C°^(M.'^) be such that < x < 1 on 
M2 with 

^0 oni^l^,\iFl 

I on^\(^,\\^0/2). 
and, for a positive constant C depending only on the constants a, 6o,5i, k, Mi in Hypothesis 12. 9^ 

\Dx\ < C and \D^x\ < C on M^. (5.35) 

Observe that the definition of x implies 

supp(l-x)C^5\\</2. (5.36) 

From ([L2]) and the fact that Au = f on G by (fZTS]) . we use (jOH]) to obtain 

\A,x\u := A(xu) - xAu 

= - | {XxxU + '^XxUx + 2pa{Xxy + XyUx + XxUy) + 2a'^XyUy + (y'^Xyyu) 

-{r -q - y/2)xxU - k{B - y)xyU, 
and hence S C°°{^) solves 

A{xu) = f^ one, X'" = onTi, (5.37) 

where 

i^:=x! ^\A,x\n = xAu-r\A,x\u. (5.38) 
Moreover, X'U = on \ ^° apply ()5.34p to the solution ^ C°°(i^) to ()5.37p 

to give 

|y^'(x«)k < C (1(1 + y)D(xn)|H + Ix^^Ih + I/^Ih) , 
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and thus, by (lOTD . (lOSD . and (fOSi) 

\yD^{xu)\H<C{\{l + y)Du\H + \{l+y)u\H + \f\H), (5.39) 
Hence, writing n = x^t + (1 — x)^ and using ^ n supp(l — x) C i^j^ \ '^5^/2 ^'^'^ ^^((^ ~ x)^) = 
(1 — x)D'^u — [D^, xl'U, we obtain 

|yL»2^|^, < \yD''{xu)\H + \yD''{{l - x)u)\h 

< \yD\xu)\H + |2/(1 - x)D\\h + x]^^|h 

< + WyDM^i^} , ) + <^ (ly^wk + \yu\H) (by ([535]) and §M)- 

Therefore, by applying (j5.28p and (j5.39p in the preceding inequahty, we obtain the desired bound 
for a solution u to Problem 12.281 

\yD\\H <C{\{1 + y)Du\H + 1(1 + y)u\H + \f\H) , (5.40) 
when u £ C°°{ff). This completes the proof of Proposition 15.121 □ 

5.4. Global regularity of solutions to the variational equation. We shall need 

Hypothesis 5.14 (Conditions on the source function). Require that / G L^(^, tu) obey 

il + y)'/^f GL\ff,w). (5.41) 

By combining the conclusions of Propositions 15.81 and 15.121 we obtain 

Corollary 5.15 (A priori second-derivative estimate for a solution to the variational equation). 
Require that & obey Hypotheses 2.1 and \2.9\ with k = 2 and a £ (0, 1). Then there is a positive 
constant C, depending only on the constant coefficients of A and the constants 5q,5i,Mi,Ri of 
Hypothesis \2.9l such that, if f £ L^{iff,Xo) obeys (I5.4ip and u G -fTg ('^ U Fq, ro) is a solution to 
Prohlem\KM and yu £ L'^{ff, ro), then yD'^u £ L'^{^, ro) and 

WyDML^iff,^,) < c (||(i + y^/')/||L2(^» + 11(1 + y)u\\ L2(<?») • (5-42) 

Proof. Inequality (15. Ij) gives 

\yDu\H <c{\y^/^f\H + \{l + y)u\H) , 

while inequality (15. 5p yields 

\Du\h <C{\f\H + \{l + y)u\H)■ 
Th.us, combining the preceding two estimates yields 

1(1 + y)Du\H <C{\{1 + y^'^)f\H + |(1 + yMu) • (5.43) 
Now inequality (I5.22j) yields 

\yD\\H <C{\{1 + y)Du\H + 1(1 + y)u\H + \f\H) , 
and combining the preceding bound with (I5.43P yields the conclusion. □ 

Hypothesis 5.16 (Combined conditions on the domain). Require that the domain, 0', obeys 
Hypotheses O El with A; = 2 and a G (0, 1), andEHlwith k = 1. 

By combining the conclusions of Corollaries 15. 151 and Proposition 15.81 we obtain an analogue of 
Theorem 8.12]: 
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Theorem 5.17 (A priori global estimate for a solution to the variational equation). Require 
that the domain G obeys Hvpothesis \5.1(A If f E ^^(^,113) obeys (|5.4ip and u G i7^(^uro,rD) is 
a solution to Problem \2.28\ and vu G ro), thenu G H'^{ff,to) andu solves Problem \2.27\ and 

there is a positive constant C , depending only on the constant coefficients of A and the constants 
(5o, (5i , Ml , i?i of Hypothesis \2.9l such that 

\Mh^(^,w) < C (||(1 + y)'/VllL2(€?,m) + 11(1 + yML^(^,w)) ■ (5.44) 

Proof. Combining inequalities (j5.43p and (I5.42P yields 

\yD^u\H + 1(1 + y)Du\H < C (|(1 + + |(i + y^^ln) . 

The preceding estimate and the Definition 12.201 of H'^{ff,ro) yields ()5.44p . We see that u solves 
Problem 12.271 by applying Lemma l2. 291 □ 

By combining Theorems 13.161 and 15.171 we obtain the following existence and uniqueness result 
for solutions to Problem 12.271 with the aid of 

Hypothesis 5.18 (Conditions on envelope functions). Require that there exist M, m G H'^{ff, n) 
obeying ([3SD, ^M, and gS]). 

Theorem 5.19 (Existence and uniqueness for strong solutions to the non-coercive variational 
equation). Assume the Hypothesis \3.14\ on the coefficient, r, holds and that the Hypothesis \5.16\ 
on the domain, G, holds. Suppose there are functions M,m G H'^{&,Vo) obeying ()3.8p . ()3.9p . 
()3.10p . and (j4.54p . Given a function f G L^(^, tt)) obeying (j3.39p and ()5.4ip . then there exists a 
solution, u G H'^{ff,K>), to Problem \K27\ and u 

(1) Obeys the pointwise bounds (j3.40p . 

(2) Has the boundary property (I2.23p . and 

(3) Obeys the estimate (15.44p . 

Moreover, if there is a (p £ H'^(i^,vo) obeying Hypothesis \3.15[ then the solution, u, is unique. 

Proof. Theorem 13.161 implies that there exists au £ H^^^UTq, it)) which solves Problem 12.281 and 
that u obeys (|3.40p . Because M, m obey (|4.54p and u obeys (|3.40p . we obtain {l + y)u G L'^{^, ro). 
Consequently, Theorem 15.171 implies that u G H'^{0',Vo) and that u solves Problem 12.271 and 
obeys (j5.44p . Lemma [2.301 implies that u has the boundary property (|2.23p . Given ip G H'^{i^,n) 
obeying Hvpothesis l3.15l the solution, u G H^^^UTq, ro), to Problem l2.28l is unique and therefore 
the solution, u G H'^{ff,to), to Problem 12.271 is unique. □ 

It is now straightforward to assemble the results we need to conclude the 

Proof of Theorem \1.18[ The hypotheses of Theorem 1 1 . 1 8 1 collect and summarize those of Theorem 
15.191 and so the result is a restatement of Theorem 15.191 in the case g = 0. 

When g ^ 0, set M := M — g, m := m — g, and f '■= f — Ag. We obtain the inequalities 
(13. 8p . (13. 9p . (I3.10j) for M,rh from the hypotheses on M,m and the inequality (|3.39p for / from 
the hypotheses on /. The hypothesis (1 + yY^'^g G H'^{&, tt)) and the Definition 12.201 imply that 
(1 + y)g G L^(^, ro) and ensures that M, m obey (|4.54p . The hypothesis (1 + yY^'^g G i?^(^, tr) 
and the Definition 12.201 also imply that (1 + yY^'^Ag G L^(^, tr) and so the hypotheses on / 
ensure that / G L2(^,tt)) obeys (fKIiT]) . Theorem EH] now implies that there exists a solution, 
u G H'^{&, w), to Problem [227] defined by the source function, /, the solution, u, obeys m < u < 
M, the solution, u, has the boundary property (I2.23p . and H obeys the estimate 

\\u\\m{ef,n) < (||(1 + y)^^VllL2(^» + 11(1 + ?/)u|U2(^,ro)) • 
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Therefore, setting u := u + g, we see that w is a sohition to Problem 12.341 and obeys 

\MHHi^,w) < C (||(1 + y)^/VllL2{^,m) + 11(1 + y)^^^M\LH^,w) + 11(1 + y)5llL2{^,m) 

+ \\i^ + yh\\L^ff,K)) 

< C (||(1 + y)^/VllL2(^,„) + 11(1 + + 11(1 + vM 

as required. Finally, setting ip := tp — g, the hypotheses on ip ensure that p obeys Hypothesis 
13.151 (with m replaced by rh), and so the solution, n, to Problem 12.271 is unique and hence the 
solution, u, to Problem 12.341 is unique. □ 

5.5. Global Holder regularity of solutions to the variational equation. 

Theorem 5.20 (Holder continuity of solutions to the variational equation). Assume the hypothe- 
ses of Theorem \5.17\ If in addition, f obeys 

/GLt(^uro), forsomeq'>2 + f3, (5.45) 

then u £ Cg^{^ U Ti) n Ciod^), for all a G [0, 1). // in addition, f obeys 

/gC"(^), for some < a < 1, (5.46) 

then u G C72.°(^) n ^^'^^(^ U Ti) n Ciod^). 

Proof. We have u G H'^{ff, to) by Theorem [STTl and so Lemma lATTBl implies that u G Cg^(i^uri), 
for < a < 1. Because tt G -ffg (^^uro, ro) is a solution to Problem [2128] and / G Ll^^{d'), the fact 
that u G Cioc(^ U f o) follows from 1^. Hence, u G C^^^i^ U Ti) n Cioc(^) since 5^ = f o U Pi. 
When / G C°(i^), we obtain u G C2'°(^) by applying [SI Theorem 6.13] to balls B (^&. □ 

/ — 

Remark 5.21 (Holder continuity up to Pq). When / G L^^^{0'), we expect that the result 
u G Cioc(^uro) in [32] can be extended to n G C["^(^ufo) for some Oq G (0, 1) depending only 
on the constant coefficients of A and /, and so it would follow that u G (^["^"(i^). 

Remark 5.22 (Comments on Theorems 15.171 and 15.201 and Problem I2.25p . The solution, u, 
provided by Theorems 15.171 and 15.201 almost matches our definition of a classical solution in 
Problem I2.25| except that we have not shown that (j2.23p holds everywhere pointwise along Pq 
rather than in the trace sense. By adapting the methods of Daskalopoulos and Hamilton for the 
linearization of the porous medium equation [22], we would expect that u G Cs'^'i^U Pq); see 
[221 Theorems Ll.l, 1.12.2, k H.l.l] and [83]. 

Proof of Theorem \1.20\ When g = Theorem 11.201 follows from Theorems 15.171 and I5.20| with 
the remaining conclusion that u G C[^^^'"(^U Pi) obtained by applying [441 Theorem 6.19] to 
Bnff, where B gM are balls centered at points in ^UPi, and using a cutoff function argument 
to localize the assertion of [44| Theorem 6.19]; see the last paragraph of [441 §6-4]. 

When g 0, we set u := u — g and f '■= f — Ag, as in the proof of Theorem 11.181 We have 
Ag G L^^^i^UTo) by the hypothesis that g G W^^^{ffUTo) and so / obeys (fOSj) (with q in place 
of q'). Theorem [52Q] implies that u G Cg^(i^U Pi) n Cioc(^). Because g G W^^^{ff), we obtain 
g G C£e(^) via the Sobolev embedding W^^'^{ff')_-^ C"(^') for ^' d ^ [2 Theorem 5.4, Part II 
(C")] and thus u = u + ge C^^J^G U Pi) n aoc(^). 

When A; > 0, the hypothesis g G C\^^''^[G U Pi) ensures that Ag G C^^°'{G U Pi) and hence 
/ G Cf^e"(^ U Pi). We obtain u G Cf^+^'"(^ U Pi) from the case 5 = and thus u = u + g £ 
^fc+2,a^^ U Pi), as desired. □ 
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6. Regularity of solutions to the variational inequality 

In this section we establish higher regularity results for solutions to the variational inequality 
for the elliptic Heston operator, Problem 14. 5[ In ^6.11 we show that solutions to the coercive 
variational inequality (Theorem 16. 8p are in i?2(^^tt)), while in we extend that regularity 
result to the case of the non-coercive variational inequality (Theorem I6.11|) and establish an 
existence and uniqueness result for strong solutions (I6.13p . Because the obstacle function is often 
not in H^{ff,m), in ^6.31 we extend Theorem 16.111 to the case where the obstacle function is only 
in H^{^ , tv) for some open subset ^ ^ G (Theorem l6.14p . With the aid of additional hypotheses 
on the source and obstacle functions, we obtain local W'^'^, C^'"^, and C^'^ regularity results in 
g631 (Theorem [6T8] and Coroharies K20\ and [QTI) . 



6.1. Global regularity of solutions to the coercive variational inequality. Before pro- 
ceeding to the question of regularity proper, we shall need the following analogue of [8l Theorem 
3.1.3]. 

Hypothesis 6.1 (Conditions on the obstacle function). Require that the obstacle function ■0 S 
H'^{^,tv) obey (f4B]l and 

{l + y)4^eL\i?,Xv). (6.1) 

Theorem 6.2 (A priori estimates for solutions to the penalized equation and coercive variational 
inequality). Require that the domain G obeys Hypotheses \2. 7| and \2.1I\ with k = 1. Require that 
the obstacle function ^ obeys (j4.6p . (j6.ip . and ip £ H'^{G',tt)). If is a solution to Problem 

\4J4l then 

KV- - Ue)+\H <e{\f\H + \AiIj\h + A|(l + y)ij\H) , (6.2) 



UsrWv < V^VlM(l/k + I^V'k + A|(l + y)V'|H), (6.3) 



where vi is the constant in (j3.4p . and, in addition, if respectively, u £ V is a solution to Problem 
llJ^ then 

\\ue - u\\v < C^E {\f\u + \A^\h + A|(1 + y)V'k) , (6.4) 
and C depends only on the constant coefficients of A. 

Proof. We adapt the argument of [H Theorem 3.1.3]. Since -0 < on Ti and = on Fi, then 
ip — Ue < onTi and {ip — Us)^ = on Ti, all in the trace sense, and thus {tp — Ue)^ £ Hq{G'UTq 
by Lemmas lA. 311 and Lemma lA. 331 Therefore, we may choose v = —{'ip — Us)'^ £V = HqIGuTq 
in ()4.12p to give 

- ax{u„ (0 - U,) + ) + ^KV' - U,)+\j, = -if, (0 - Ue) + )H, (6.5) 

where we recall from (|4.1ip that f3^{w) = — ^(^ — w)~^,yw G V. Since 

aA(V, (V' - Ue)^) = a(0, (V - Ue) + ) + A((l + ?/)V, (0 - Ue) + )H 

= {AiP, (^ - u,)+)h + A((l + y)tP, {iP - Ue)+)H (by LemmaESH]) 
= (A0 + A(l + y)0,(V-n,)+)H, 
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and ax{v,v~^) = ax{v~^ ,v~^),\/v G V, we have 

aA((V - {iP - + - ue)+\jj 

= -ax{ue, ii) - ne)+) + - + ax{ip, - 

= (-/, (V - u,)+)h + aA(V, - ne)+) (by (l63|)) 
= (-/ + A^ + A(l + y)^, (V' - u,)+)h. 
Hence, p.4p and the preceding equation yields 

l^lWilP - Ue)+fv < aA((^ - Ue) + , - Ue) + ) 

< {\f\H + \Ai;\H + A|(l + y)i^\H) |(V - ^.)+|//, (6.6) 
^KV' - u,)+\l < (I/Ih + \A^P\H + A|(l + KV' - (6.7) 

where j^i depends only on the constant coefficients of A. The estimate ()6.7p . after dividing by 
KV' - Us)~^\h, yields 

KV' - ^.)+|h < e {\f\H + \Ai^\H + A|(l + y)i^\H) , 

which is (j6.2p . Combining the estimate (j6.6p with ()6.2p to bound the factor |(^/^ — Ue)^]// on the 
right-hand side of (16. 6p yields 

IKV' - ue)+||y < V^^r'/' (I/Ih + + A|(l + y)i;\H) , 

which is ()6.3p . 

It remains to prove ()6.4p . Writing 

U — Ue = U — — Ue) 

= U-'lp+ {lp - Us)~^ - (ip - Ue)~ 
= re + (-0 - -"e)^, 

where we define 

re := u - ip - {ip - Us)~ , (6.8) 
we see that proof of (|6.4p reduces to finding a suitable bound for ||r£||y, since 

ll^t - UeWv < \\re\\v + - Ue)^\\v- (6.9) 

Because u — Ue £ V and {ip — ng)^ G y, we see that = u — — {ip — Us)~^ G V. We now choose 
V = in (|4.12p to give 

OA (tie, r^) - ^{{ip - Ue)^,r^)H = if,re)H, (6.10) 

where we recall from ()4.1ip that p^e{w) = —^{ip — w)~^,yw G V. Next, taking v — u = —r^ in 
(|4.7p . that is, V = u — £ V and, by the expression (|6.8p for r^, 

t; = ^ + (-;/; - n^)" > ^/;, 

and so f G K, we obtain 

ax{u,-rs) > {f,-re)H- 
Adding the preceding inequality and ()6.10p . we obtain 

ax{Ue - U,rs) - -{{lp - Us)^,re)H > 0. 
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Substituting the expression (j6.8p for in the second term in the preceding inequahty and noting 
that u > tp a.e. on ff, we obtain 

a\{ue -u,rs) > ax{ue -u,rs) - ^{{i^ - Ue)^ ,u - 'iIj)h > 0. 
Substituting Ue — u = —re — {ip — gives 

a\{re + - Ue)^,re) < 0, 

and thus 

i^iWreWv <ax{re,re) {hy ^) 

< ax{{7p — Ue)^ , —Te) (by preceding inequality) 
<C7||(V'-^/.)+||y||r,||y, (by ([33])), 
where C depends only on the constant coefficients of A, to give 

\\r,\\v <C\\{i,-Ue)+\\v (6.11) 
Combining the estimates (j6.3p . (j6.9p . and (jO.lip gives the desired bound (j6.4p . □ 

We will need an extension of the estimates ()6.2p and ()6.3p in the statement of Theorem 16.21 

Hypothesis 6.3 (Conditions on the obstacle function). Require that the obstacle function tp S 
H'^{ff,Xo) obeys 

{l + yf^AtpeL^i^^to). (6.12) 

Lemma 6.4 (A priori estimates for a solution to the penalized equation). Require that the 
domain G obeys Hypotheses \2. 7| and \2.11\ with k = 1. Require that f E L^(i^, tt)) obeys (j5.4ip . 
that ip G H'^{0',Ki), and that ip obeys (16.12j) and 

{l + yf/^ip € L^{ff,xv). (6.13) 

If Us £ V is a solution to Problem \4.14\ then (1 +y^^'^){ip — Us)'^ € H^l^" L)TQ,tv) and there are 
positive constants C and Eq, depending only the constant coefficients of A and 7, such that for 
all < e < Eq, 

1(1 + _ ^^)+|^ < ,c (|(1 + y)'/'f\H + 1(1 + y)'^'Ai;\H + |(1 + y)^^/^!//) , (6.14) 

11(1 + _ < (|(1 + y)i/V|H + 1(1 + y)'^'A^\H + 1(1 + y)'/=^V'|H) . (6.15) 

Remark 6.5 (A priori estimate for a solution to the penalized equation). The estimate (j6.15p 
is not used elsewhere in this article, but is included for completeness as it is an easy consequence 
of the proof of ([eTl]) . 

Proof of Lemma \6.4\ We adapt the derivations of (j6.2p and (j6.3p in the statement of Theorem l6.2[ 
Prom the proof of Theorem l6.2l we have (^ — Ue)"*" G V. Let 99 G Cq^{M?). Clearly (p{ip — Us)^ = 
and (p'^{tp — Ue)^ = on Li in the trace sense, as this is true for (^ — Ug)"*". We also see that 
ipitp — Ue)~^ and ^"^{ip — UfP)'^ are in V . Substituting v = —ip^{ip — n^)"*" in ()4.12p gives 

-axiUe.ip^ilp - ne) + ) + -\if{lp - Ue)^\'\i = {-ipf,ip{lp - Ue)'^)H. 
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Since G //^(^, ro), we also have 

= a{^, ip\iP - Ue)+) + A((l + y)^, if^il; - u,)+)h 

= {Ai;,ip\^-u,)+)H + X{{l + y)i^,^\i;-Uey)H (by Lemma EH 
= {^pA^jJ + A(l + y)v3^, ipiip - Ue)^)H 
= {^Ax^l^,^{^l^-Ue)-^)H (by ([31])). 
Because ax{v,v~^) = ax{v~^ ,v^),yv E V, adding the preceding two identities yields 



(6.16) 



= {-ff + v'^aV', v(V' - Uey)H- 

From (j2.34p . we have 

and thus, adding the two preceding identities yields 

axivii^ - U£)+,(^(^ - Us)^) + ^\(p{ip - Us)'^\h 

= {-<ff + ipAx-^, (fii^ - Ue)^)H + {[A, - Ue)^, - Ue)^)H- 

Applying the estimates p.4p and ()2.36p yields 

£ (o-l'j 

< {\^f\H + I^A^Vk) - Ue)+\H + C\y^'H\Dv\ + \D^\''^){^ - ne)^\l, 

where C is a positive constant depending only on 7 and the constant coefficients of A. We now 
choose Lp = C,R{\+y^/'^), where Qr is given by Definition [4211 so = (l+yi/2)L»Cij+(0, V'^'^Cr), 
and use (16.17P to estimate 

\mi + y^'^){i^-ue)^\l 

< (lCi?(i + + ICfl(i + y'^^)Ax^P\H) ICfl(i + 2/'/')(V' - us)+\h 

+ C \y'/' (((y-1/2 + (1 + y'^'mnl) + {y^'/' + (1 + y'/')\DCn\f"^ (V' - u.) 



H 



< (1(1 + y'/^)f\H + 1(1 + y'^')Ax^\H) 1(1 + y'^'){i^ - u,)+\h 

+ C\il + y'/')iij-u,)+\l (bygHD). 

By taking limits as i? — t- oo in the preceding inequality and applying the dominated convergence 
theorem, noting that 1 + y^^^ < 2 + y^/"^ ,'iy > 0, we obtain 

+ yl/2)(^ _ ^^) + |^ < 1(1 + yl/2)^|^ + + yy'')Axi>\H + C\{1 + yV2)(^ _ ^^) + |^. 

If 1/e > 2C, that is, < e < 1/2C, the preceding inequality gives (|6.14p . noting that Ax = 
A + Xil + y) by dM]). 
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We now complete the estimate of ||(/7(V' — Ue) 
C-r(1 + y)^^^) we have 
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V ■ By Definition 12.151 and recalUng that ip 



,1/2 



+ 



(l + 2/)'/'Cii(l+2/'/')(V'-^.)' 



2 



H 



and thus 



\y'/'CRDi{l + y'/'KiJ - ne)+)\H + 1(1 + y)'/'CK(l + ?/'/')(^ - 

< 11(1 + v'^'KrO^ - ue)+\\v + |y'/'((l + y'/'){DCR){^l^ - u,)+)\h 

< 11(1 + v'^'KrO^ - neVWv + 1(1 + y'/')(V' - (by g3I])). 

Combining the preceding inequafity with (j6.17p and taking the hmit as i? — ?• oo and applying the 
dominated convergence theorem, as in the derivation of (j6.14p . gives 



1^1 



(l + yi/2)(V.-n,)- 



< 



1 + y'^')f\H + 1(1 + y'^AxijlH ) 1(1 + y''''){4^ - 

2 



,l/2^ 



\H 



+ C|(l + yV2)(^_^^)+l^ 



We now use (|6.14p to bound the factor |(1 + y^^'^){ip — u^) 
preceding identity and take square roots to obtain (16.15p . 



\h on the right-hand side of the 

□ 



Turning to the question of regularity, from [HI §3.1.9 &: 3.1.15], we have the following analogue 
of [U Theorem 3.1.8 Sz Corollary 3.1.1] and analogue of the PF^'P regularity results [42l Lemma 
1.3.1 & Theorem 1.3.2] and [8l Theorem 3.1.21 & Corollary 3.1.6]. 

Hypothesis 6.6 (Conditions on the obstacle function). Require that the obstacle function ip S 
i?i(^, ro) obeys 

{l + yf^'^Tp£H^{^,m). (6.18) 

Hypothesis 6.7 (Conditions on the source function). Require that the source function / € 
L'^{ff,Xo) obeys 



.19) 



Theorem 6.8 (Global H'^ regularity and a posteriori estimate for the solution to the coer- 
cive variational inequality). Require that the domain G obeys Hypothesis \ 5. 16\ and that there are 
M,m £ H'^{ff,Xv) obeying ([3S1), dSj]), (l3lil . gSS]), and gS]). Require that € H'^{ff,m) 
and that obeys (l6T^ and (16718]) . Require that f G L'^{&,to) obeys (IXT2D and (f09|l . If u is 
the unique solution to Problem \4-26\ then u € H'^{i^,tv), yu € L'^{ff,tv), and 



W\\hH^\^) < C (11(1 + y)/||L2(^» + 11(1 + y)'/'A4;\\ 

+ 11(1 + y^/')^||Hi{^,m) + 11(1 + y)u\\LHi^\w)) • 



.20) 



where C depends only on the constant coefficients of A and the constants 6o,6i, Mi, Ri of Hy- 
pothesis \2.9[ 



Proof. Let {'U£}£g(o,i] be the consequence constructed in the proof of existence in Theorem 14.281 
Lemma [4.251 implies that the sequence {?ie}£e(o,i] obeys (|4.36p . so 

1(1 + y)ue| < (1 + y)(|M| + |m|) a.e. on ^, (6.21) 
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and thus (|4.54p ensures that yu^ G tt)), Ve > 0. Applying (|4.33p with s = 1 gives 

WyUeWv < C {\yf\H + 1(1 + y)Ue\H + ||(1 + V^^^^ 

and thus y'^^'^Ue G rD),Ve > 0, and 

ly'/Vk < C {\yf\H + 1(1 + y)ue\H + 11(1 + • (6.22) 

Lemma EH] impUes that (1 + y)^/"^ (3i;{us) G L^(^, rD),Ve G (0, eo]- Consequently, setting 

fe := f-pe{Ue)-\{l+y)Ue, 

we obtain (1 + yY^'^fe G L2(^, rD),Ve G (0, Eq]- As G F is a solution to (|4.12p . we may view 
as the solution to the equivalent non-coercive variational equation, 

a{ue,v) = {fs,v)H, G y. 
Theorem [5Tn now implies that G i7^(^,ro),Ve G (0,eo] and by (|5.44p obeys 

<c(||(l + y)V2/,|| 

Substituting the expression for into the preceding inequality gives, for all e G (0,eo], 
lke||H2(^,„) < C (||(1 + y)^/VllL2(^,„) + 11(1 + y)'/'/3.(n.)|| 



+ ||(l+2/)^/^n,||i2(^,„)^ 
< C (||(1 + y)'/'f\\LH^,„) + 1(1 + + 1(1 + (by dSH])) 

+ ||(l+y)^/^n,||i2(^,„)^ 

Substituting the estimate ()6.22p for {y'^^'^Usln into the preceding estimate for ||?^e||_f/2(^\w) and 
combining terms yields 

IKWh^^,.) < C (||(i + y)/||L2(^,„) + 1(1 + + 11(1 + y'/'mv 

^ [b.26) 
+ 11(1 + y)^^e||L2(<:?,re)) ,Ve G (0,eo], 

where C depends only on 7 and the constant coefficients of A. Therefore {^^e}eG(o,eo] ^ 
subsequence which converges weakly in iJ^(^, tt)) to a limit in H'^{0',Vo). This limit must be u, 
since Theorem 16.21 implies that {?ie}£e(o,£o] converges strongly in y to u G F as e — and again, 
after passing to a subsequence, — )• n pointwise a.e. on 0" by Corollarv lA.22[ Because of (|6.2ip . 
we can apply the dominated convergence theorem to conclude that 

i™ll(i + y)^^£llL2(<?» = 11(1 + y)n||i2(^_„). 

Since 

ll'"ll//2{<?,ix,) < li^inf ||'U£||^2(^^„), 

by |3H Appendix D] , the estimate ()6.20p follows from (j6.23p and the preceding application of the 
dominated convergence theorem. □ 

Remark 6.9 (A posteriori estimate in Theorem 16. 8p . The hypothesis in Theorem 16.81 that u is 
unique is used to conclude that the desired bound applies to the given solution. 
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6.2. Global regularity of solutions to the non-coercive variational inequality. We 

extend the regularity resuhs of ^G.ll to the non-coercive operator, A, and its bilinear form, a{-, ■). 

Hypothesis 6.10 (Conditions on envelope functions). There are M,m G H^{ff,tt)) obeying 

{l+yfM,{l+yfm G L^{ff,to). (6.24) 

Theorem 6.11 (Global regularity and a posteriori estimate for the solution to the non-coer- 
cive variational inequality). Assume the hypotheses of Theorem \4.36\ and, in addition, require that 
the domain G obeys Hupothesis \5.16[ that M,m £ H'^{G,w) obey ()6.24p .- that ip £ H'^{G,to) and 
that ip obeys (j6.12p and (j6.18p ." and that f E L^(^, tu) obeys (j6.19p . If u is the unique solution 
to Problem^^ then u £ H'^{G,to), y'^u G L'^{G,Xo), and 

<C[\\{1 + y)/||L2(^,„) + 11(1 + yf'^An 

(6.25) 

+ 11(1 + y^/')^ki(^» + 11(1 + y)'n||i2(^,„)j , 

where C depends only on the constant coefficients of A and the constants 6o,6i, Mi, Ri of Hy- 
pothesis \2.9l 



Proof. Because u solves Problem 14.51 we have 

0(^,7; - n) > (/,u - n)i2(^^„), V?; G K, 

and thus 

ax{u,v -u)> {fx,v -u)l2(^^'^„), \/v£K, 

where 

fx := f + X{l + y)u. 

By (1091) we have {l + y)f £ L'^{ff,Ki), while (fi36]l and ([Oi]) imply that {l + y)'^u £ L^{G,tv), 
and therefore (1 -|- y)fx £ L^((^, tti). Theorem 16.81 with / replaced by fx, then ensures that 
u £ H^{ff,w) and the estimate (fO^ follows from (fOOjl . □ 

Remark 6.12. The hypothesis in Theorem 16.111 that u is unique is used to conclude that the 
desired bound applies to the given solution. 

By combining Theorems I4.36l and l6.11l we obtain the following existence and uniqueness result. 

Theorem 6.13 (Existence and uniqueness of a strong solution to the non-coercive variational 
inequality). Assume the hypotheses of Theorem \4.36 and \6.H\ Then there exists a unique solution 
u £ H'^{ff, Vo) to Problem \4.S\ (with g = 0), the solution u obeys (j4.56p . has the boundary property 
()2.23p . and obeys the estimate ()6.25p . 



Proof. Theorem 14.361 implies that there exists a unique u £ H^i^ff \JTq,Vo) to Problem 14.51 
Consequently, Theorem 16.111 implies that u £ H'^{&,Vo) and obeys the estimate ()6.25p . while 
Lemma 14.131 ensures that u solves Problem 14.21 (with g = Qi). Lemma 12.301 implies that u obeys 
([2:23]) . □ 

Again, it is straightforward to assemble the results we need to conclude the 

Proof of Theorem When 5 = 0, the hypotheses of Theorem 11.61 collect and summarize those 
of Theorem 16.131 and so the result is a restatement of Theorem 16.131 When g ^ the result 
follows just as in the proof of Theorem 11.181 with the additional choice tp := tp — g; see also 
Remark [441 □ 
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6.3. Local regularity of solutions to the variational inequality. We have the following 
analogue of |54l Theorem IV. 8. 6] (where ip is assumed Lipschitz) and which will be useful in 
situations where we do not know that ^ is in H'^{0', to). 

Theorem 6.14 (Local regularity and estimate for solutions to the non-coercive variational 
inequality). Assume the hypotheses of Theorem \4-36\ and, in addition, that 

{1 + yf/^f eL\ff,tv), (6.26) 
(1 + yf/^m, (1 + yf/^M G L^{&, tt)). (6.27) 

Let be an open subset. Require that G obeys Hvpothesis \5.16\ and that ^ obeys Hypothesis 

\5.16\ with the role ofTi replaced by Mnd^. Require that -ip G i/^(i^, to) obeys ()6.18p and 

{l + yf/'^Ai)eL^{'^,m). (6.28) 

If u & ffQ(^uro) is the unique solution to Problem \4-5\ then u G H'^{'^' ,Vo) for every open 
subset C ^ with '^'\dff C"^, 



'na^',^na^) > 0. (6.29) 
Moreover, y^l'^u G L^(^, tr), and 

Iklb^C'^',™) < c (ll(i + y)'/'/llL2(^» + 11(1 + y)'/'^^llL2(^» 

^ (6.30) 

+ 11(1 + y)'/'^VIlL2(^^,«) + 11(1 + y)'/'^ki(^», 



where C depends only on the constant coefficients of A and the constants of Hypothesis \2.9\ 
prescribing the geometry o/H n and Ti, and dist{ff n d^' , G n 

Remark 6.15. We note that 

(1) Neither nor are required to be bounded in the hypotheses of Theorem 16. 141 

(2) The difference between the powers of 1 + y appearing on the right-hand sides of (j6.25p 



and (I6.30p is an artifact of the method of proof of Theorem 16.141 

Proof. Because M,m £ H^{ff,m) obey (fO?!) and u obeys dOOjl . then (1 + yf^^u G L^{^,m). 
That observation and the condition ()6.26p on / and conditions (j6.18p and ()6.28p on ip ensure that 
the right-hand side of (j6.30p is finite. 

Let C e C°°{M) be a cutoff function such that < C < 1 on M, C = 1 on C > on and 
C = on G \ ^ . We shall use C to localize the variational inequality in Problem 14.51 By ()6.29p 
and construction of C, there is a positive constant, Co, depending only on dist(^ n d^' , G n d'^ ) 
such that 

IICIIc2(H) < Co. (6.31) 

We obtain CV' G H^i'^ ,'m)hy (lOTD and the fact that V S H^{G, w). Because C = on 5^ \ 5^ 
and < on Fi = dG \ Po (trace sense), then < on d'^ \ Pq (trace sense). Similarly, as 
^ = on 5^ \ dG and tt = on dff \ Po (trace sense), then = on d'^ \ Po (trace sense) and 
so 

CnG FoH'^UPo,tt)) (6.32) 

by Lemma lA.311 
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Claim 6.16. If u is a solution to Problem \4.5\ on G with obstacle function, ^ G H^{if,n), and 
source function, f E L'^{ff, tv), then (u G -f^o U Tq, ro) is a solution to Problem \4.5\ on with 
obstacle function, Qil) E H^{'^,m), and source function, 

f^:=Cf + [A,C]ueL\'^,tv). (6.33) 

Proof of Claim Wm Recall that C^(^uro) is dense in HI{0'UTq, w) by Definition ElS] and so 
there is a sequence {un]n>i C C^{0' U Fq) such that Un ^ u strongly in Hq^^}' U Fq, to). Then, 
for ah V G C^(^uro), 

a{CunXv - (un) = {A{Cun)Xv - Cun)H (by Lemma E^S]) 

= {CAUn + [A, C]Un, Cv - CUn)H 

= {AUnX^V - C^Un)H + {[A, C]Un, (v - CUn)H 

= a{un,(^{v - Un))H + {[A,(\un,C,v - Qun)H (by LemmaE^S]). 

Taking limits as n — ?■ oo, 

a{Cu, Cv - Cu) = a{u, ("^{v - u))h + {[A, C]u, Cv - Cu)h, 

and because C^{0' U Tq) is dense in HqI^ U Fq, w), the identity continues to hold for all v € 
Hq{0' U To, tv). Now suppose v > tp and recall that u> ip. But C^(f — u) = C'^v + (1 — C^)"" — 
and C'^v + (1 — C'^)v > ip (see Remark I4.8P since v,u'>iIj. Therefore, 

a{u, C^iv - u))h = a{u, C^v + (1 - C^)"" - v) 

> {f,C'v + {l-e)u-u)H 

= {fX\v-u))H, yv>i;, 

and so we have 

a(Cn, Cv - Cu) > iCf, C{v - u))h + {[A, C]u, Cv - Cu)h 

= (/c, Cv - Cu)h, yv>i;,ve /?o'(^U To, w). 

The image of the bounded linear map Hq{G U ro,tt)) — )• Hq{'^ U ro,tt)), v i— )• Cv, is dense in 
Hl{'^ uro,rD) and thus 

a{Cu,v-Cu)>{f^,v-Cu)H, yv>Ci^,veH^{^UTo,tv), (6.34) 

as required. Since C]^ '■= A{Cu) — CAu, we have 

\\[A,C]u\\L^(ff,n,) < C'(lly^'"llL2(f/,w) + \\{'^ + y)u\\LH9/,w)) ■ (6-35) 

But (|i36]) implies that {l + y)u G L'^{ff,Xv), since {l + y)m, {l + y)M G L'^{G,tv) by while 

<2||yV\||Hi(^,«), 
and thus, applying ()4.74p with s = 1/2, 

\\yDu\\L^i^,w) < C (||y'/VllL2(^» + 11(1 + //')n||L2(^,„) + 11(1 + y^/')^+|Ui(^,«)) • (6.36) 

Indeed, (|4.56p implies that (1 + y^/'^)u G L'^{G,m), since, a fortiori, (1 + y)^/'^M, (1 + y)^/'^m G 
L2(^,lt)) by dOT]) : yV2^+ ^ H^{G^'m) since, a fortiori, (l+?/3/2)^ g i?i(^,ro) by ([HTS]) and thus 
yV2^+ g H^^ff^xo) by LemmadSa andy^/^/ G ^^(^^tt,) since, a fortiori, (l+y)3/2/ g L2(^,tt)) 
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by (lOel) . Therefore, G L'^{ff, tr) by (lOSD . (lOSD . dOGl) . and the fact that {l+y)u e L^{0', w), 
and hence /(^ G L^('^, ro), as required. This competes the proof of Claim [5^.161 □ 

By Claim [F. 161 and applying the estimate (j6.25p to (u, we obtain 

\W\\H2{-i^',w) < C\\Cu\\HHi'/,w) 

< C (||(1 + y)/cllL2(.^,,) + 11(1 + yf'^A{m\ 

< C (11(1 + y)[AX\u\\L2^o,,,,^ + 11(1 + y)'C«||L2(.,,,„) 

+ 11(1 + y)V2^(CV')||^,(„^^„) + 11(1 + y3/2)^^|| 

Thus, using the pointwise identity (|2.33p to bound the expression [A, C]n and writing A(C^) 
C,Aip + [^4, CJV'; we obtain 

\Mh^{'^',\v) < C (11(1 + 2/)y-Dn||i2(.^^„) + 11(1 + y)^'u||i2(„;^^,„) 

+ 11(1 + 11(1 + 2/)^/'[^,C]V'IIl2(^^,,x,) 

+ 11(1 + y3/')CV'llHM'?/,«) + 11(1 + y)/!!^^^^^,^)) • 



But 11(1 + y)yDu\\i2(^a// ^^-^ < 11(1 + y)yDu\\i2(^ff „,-^ and we can apply Corollary 14.441 with s = 3/2, 
noting that (1 + yf/^M,{l + y)^/'^m € L'^{ff,m) by ([QT]) : y3/2y ^ ^2^^^^^) ([g^. ^^^^ 
(1 + y)ip+ G i?^(i^,tu since, a fortiori, (1 + yf/'^i^ G F^(^,tt) by (|HT8|) . Therefore, ([iTi]) gives 



< c (l|y'/'/llL2(^,„) + 11(1 + + ||(i + , (6.37) 

and thus, using ||2/^£'u||i2(.^^,^) < ||y^^^^||L2{<?,re), 
11(1 + y)yDu\\L2^,^^„) < ||y-Dn||i2(^^„) + ||y^-Dn||i2(^^„) 

< ||yl)n||i2(.^,„) + ||y'/'l?(y='/MllL2(^,„) + (3/2)||2/n||i2(^,„) 

< ||y-Dn||i2(<2/,n,) + \\y^^^u\\Hi{^,n,) + (3/2) ||yu||i2(^^„) 

< C (||y^/VllL2(^,„) + 11(1 + ?/)=^/'^IIl2(^» + 11(1 + y)'/VllHH^,«) 
+ II?/'/'/IIl2(^,„) + 11(1 + y)'/'^^llL2{^,„) + 11(1 + y)i^^\\H^iff,n,)] 

(by (f06D and (iOTD ) 

< C (||(1 + y)=^/VllL2(^» + 11(1 + y)'/'n||i2(^^,„) + 11(1 + y)^+||Hi{^»^ 

Substituting the preceding estimate into the preceding bound for ||ti||_f/2{°2<',ro) using the 
commutator identity ()2.33p and (j6.3ip to bound ||(1 + y)^^^[^, C]V'IIl2(':^,ix)) yields 

M\m{^/',w) < C (||(1 + ?/)'/'n||i2(^,„) + 11(1 + y)'/VllL2(^,w) 

+ 11(1 + y)'/'^VllL2(f/,„) + 11(1 + 2/)'/'y^^llL2(^» (6.38) 
+ 11(1 + y)'/VllHi(^,m) + 11(1 + y)V'+ll//H^»' 
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and thus dOOjl follows from (lOHD by Definition \27i5\ of H^{ff,tv) and Lemma 1X331 This 
completes the proof. □ 

The proof of Theorem 16.141 yields the following useful 

Corollary 6.17 (Existence and uniqueness of strong solutions to the localized obstacle problem). 
Assume the hypotheses of Theorem \6.14\ and let u € ifg(^uro,rD) and C ^ C be as in 
the statement of Theorem \6.14\ Let C, G C°°(]HI) he a cutoff function such that < < 1 on H, 
C = 1 on C > on and C = Q on . Then Cu £ H'^{'^,m) is the unique solution 

to Problem \4-^ (with g = 0) with source function f(^ G L^('^,tt)) given by (I6.33p . and obstacle 
function, (ip e H^^^ 

Proof. One obtains the conclusion either by directly applying Theorem 16.131 or observing that 
Claim [6T6] implies that (u G Hq{^ U Fq, ro) is a solution to Problem 14. 51 and repeating the proof 
of Theorem ElSl □ 

6.4. Local W^'P and C^'° regularity of solutions to the obstacle problem. We have the 
following local analogue of [8l Corollary 2.1.2]. The unweighted Sobolev spaces in the statement 
of Theorem 16. 181 namely W^io'f (^U Li), are defined in the standard way [2], |44j . 

Theorem 6.18 (Local T^^'^ regularity up to Li of solutions to the variational inequality). Assume 
the hypotheses of Theorem \6.13\ and let u G i?^((^, ro) Pi Hq{& U Lq, tt)) be the unique solution to 
Problem \4-5\ Suppose in addition that, for 2 < p < oo, 

/GL^„,(^uri) and V e W^f^f (^ U Li). (6.39) 

Then u G Wf^^i^UTi). 

Proof. Let <Z G and (" G C°^(]HI) be as in the hypotheses of Theorem 16.141 and preamble 

to Claim [6?T6] and require in addition that is bounded and ^ C Fi, so dist('^,Fo) > 0. 
Because ^ is bounded and C ^ U Fi and u G H'^{G, tt)), we obtain u G W'^''^{'^). Therefore, 
[A,C]u G tyi'2('^) and thus [A,C]u G LP('^) by [H Theorem 5.4, Part I (A)] and hence G 
L^('^) by identity ()6.33p and integrability property ()6.39p . Again, because ^ is bounded and 
# C ^ U Fi we obtain G W'^'P{'^) by (fCTj) . Now (u G H^i"^ U FcW) by ((6:32]) and 
iJ(J('2r UFo,tt)) = Wq''^{'^) since is bounded and C ^UFi. Moreover, since G VFo'^(^) 
obeys (I6.34p . it also obeys the coercive variational inequality (compare the proof of Lemma [4.38p . 

ax{Cu,v-Cu)>{fc,x,v-Cu)L2(^.^), yv>(:tP,veW^'\'^), (6.40) 

with source function /^^a := /c + A(l + y)Cu G L^(^), noting that L^{'^,tt)) = L'^{'^). But 
/^,A G LP('^), since u£ W^^^i"^) and W^^^i"^) LP{'^) by Lemma [AJll Because A is 
uniformly elliptic on then |42( Exercise 1.3.1] implies that the solution, C,u G Wq''^{'W), to the 
variational inequality (j6.40p is in W'^''p{^) and hence u G W'^'P(^') since C = 1 on Because 
C G was otherwise arbitrary, the conclusion follows. □ 

Remark 6.19 (Alternative regularity sources). Although |42] Theorem 1.3.2] yields a conclusion 
which is the same as [42] Exercise 3.1], the hypotheses on f,g,^ are stronger than those of |42( 
Exercise 3.1] (namely, / G C°('^), g G C2'"('^), and ijj G C'^{'^)). Similarly, [HI Corollary 2.1.3] 
yields a conclusion which is the same as [421 Exercise 3.1] but the hypotheses of [H Theorem 2.1.9 
&: Corollary 2.1.3] are not obeyed by the Heston bilinear form (j2.12p . 



We obtain the following analogue of O Corollary 2.1.3]. 
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Corollary 6.20 (C^'" regularity in the interior and up to Fi). Assume the hypotheses of Theorem 
[6JR Then u £ C];"{ff U Ti), /or < a < 1 - 2/p. 

Proof. Let C be as in the proof of Theorem 16.181 According to [21 Theorem 5.6, Part 
II (C)], the embedding W'^^'P{'W) C^'"(^) is continuous for < a < 1 - and so the 
conclusion follows from Theorem 16.181 □ 

We obtain the optimal interior regularity where the obstacle function is sufficiently smooth: 

Corollary 6.21 (Interior C^'^ regularity where the obstacle function is C^). Assume the hypothe- 
ses of Theorem \6.13[ and let u € H^{i^, to) ni?g(^uro, tt)) be the unique solution to Problem \4-5\ 
Suppose in addition that, for some < a < 1 and ^ G an open (but possibly unbounded) 
subset with C^'° boundary portion, d^" nH, and 

f G cg^C^" n M) and V e C'LC^" n m). (6.4i) 

Then u G and, if ^" = G, then u G C^^^{G). 

Proof. Let C ^ and C, G C°°(IHI) be as in the proof of Theorem 16 . 1 8 1 and require in addition 
that ^ C and d'^ is C^'". As in the proof of Theorem EUl the function G H'^{'^) n 
Hq{'^) is the unique solution to (I6.40p with obstacle function, C,iIj G H^{^), and source function, 
G L2('^), as defined in (lOHD . 

Because \A, Q] is a first-order differential operator and u G C[]^'"(^uri) by Corollary 16.201 then 
[A, Qu G Cg^(^uri). Therefore, G C'^('^) by (f03]) and (Igjl]) and the fact that ^ d ^UTi, 
while ()6.4ip implies that CV' £ C^('^) and Theorem 16.181 implies that C'u G for any 

1 < p < CO. Corollary 16.171 implies that Qu G W'^'P{^) is the unique solution to Problem l4.2l (with 
g = on Ti) with domain obstacle function, CV' G C^(^), and source function, G C"('^). 

Since A is uniformly elliptic on by the fact that dist('^,ro) > by our choice of then 
[321 Theorems 1.4.1 & 1.4.3] imply that G W^^^{'^), noting that the condition [HI Equation 
(1.3.9)] is stronger than [42l Equation (1.3.19)]. But W^^^i"^) = C^'i(^) by [42l p. 23] and so 
Cu G C"'^'^(^) and as ^ = 1 on then ti G C"^'^('^'). Because C ^ was otherwise arbitrary, 
the conclusion follows. □ 

As before, it is straightforward to assemble the results we need to conclude the 

Proofs of Theorems and M.l^ When 5 = 0, Theorem II. 121 restates Theorem 16.181 and Corol- 
lary [62Q1 Theorem 11.131 follows from Theorem 16.131 and Corollary 16.211 with = G. 

When g ^ 0, the hypothesis g G W^^^{G U Fi) ensures that f '■= f — Ag and ^ := tp — g 
obey (j6.39p and so we obtain Theorem 11.121 for u from the result for u = u — g. Similarly, the 
hypothesis g G Cf^^{GVJTi) ensures that f ■= f — Ag and := tp — g obey (|6.4ip with = G . 
Therefore, we obtain Theorem 11.131 for u from the result for u = u — g. □ 

Appendix A. Weighted Sobolev spaces 

While there are many excellent references for weighted Soboley spaces (see, for example, |60t 
Wl\ [671 l9T| [95] and references contained therein), we shall need extensions or refinements of 
those results for the specific weighted Soboley spaces we employ. This section seryes to deyelop 
a toolkit of results for our weighted Soboley spaces, specifically the spaces {G , to) , Hq (G U 
Fo, K)),H^{G, tt)) (Definition [2T5]) and H'^{G, tv) (Definition [220]) required by this article. Except 
for a few cases specific to d = 2, the results in this section apply to domains G C H as in Definition 
12. 6[ where IHI = M"^"^ x (0, oo) with d > 2 rather than d = 2, as assumed in the body of this 
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article. When d > 2, we denote points in H by {x, y), where x = {xi, . . . , Xd-i) and y = Xd, and 
denote Lebesgue measure on W^~^ by dx. 

A.l. Approximation by smooth functions. We have the following useful result and proof 
due to C. Pop [83]. 

Lemma A.l (Equivalence of weighted Sobolev spaces when /? > 1). When (5 > I, one has 
/7i(^uro,m) = Fi(^,tt)). 

Remark A. 2. Lemma lA.ll can be viewed as a special case of |60l Theorem 9.10]. 

Proof. Let u E ffg ((^UFq, to). Then there is a sequence {um}m>o C CQ°(^uro) such that Um — )■ u 
in H^i^ff, tt)) as m — )• co. Hence, we may assume without loss of generality that u G Cq^{& U Fq). 
Let {(/?m}m>i C C°°(M^) be a sequence of cutoff functions with the properties 



1, y> 2/m, 
0, y < l/m, 



^m{x,y) 
and 

< ^m.,y < 2m on 0" and (pm,x = on 
Thus, Um := £ Hq{&,Vo) and 



1^^ - ^m|lHl{^?,re) = I [y ((1 - V'm)^'"! + V'm.y^^^ " 2(1 - ^m)<fm,yUUy + (1 - 

+ (1 + y){l - ifmfu^] Vo{x,y) dxdy 



< 



l{o<y<2/m}(l + ?/)^^ rv{x,y)dxdy 
+ 2/ l{o<y<2/m}?/(^^I + ^^y)»(x,y)(ix(iy 



+ J^yu^^m,y^{x,y)dxdy. 
The first two terms converge to zero as m — t- oo, since 

J 0" 

For the third term, recall that u G C^(€?U Fq). Hence, ||u||j;^oo(-^) < oo and therefore 
yu'^V^m,y^ix, y) dxdy = l{i/m<y<2/m}U^Vm,yy^e.~^^~^^''^ dxdy 

< C||u|||oo(^)m^ / yl^ dy 

J l/m 
9/3+1 _ 1 

Consequently, the third term also tends to zero as m — )• oo, provided /3 > 1. □ 

Remark A. 3. Due to the final estimate in the proof of Lemma lA.ll involving cutoff function 
derivative, the case /3 = 1 cannot be included. 

Lemma A. 4 (Density of smooth functions with compact support). For any /? > 0, one has that 
Co°((^) is a dense subset of L'^{ff,xo). 
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Proof. Let e > and let {Cm}m>i C Cq°{M) be a sequence of cutoff functions such that < 
Cm < 1) suppCm C [—2m, 2m] x [l/2m,2m], Cm = 1 on [— m,m] x ?ti], and set := 

((-m,m) X (l/m,m)). By [H Corollary 2.19], Co°(^m) is a dense subset of L'^i^m) and so 
we may choose a sequence {/m}m>i £ C^{&2m) such that 

/ \Cmf - fml"^ dxdy < ——, m>l, 

where 

:= max /-ig-^l^!-'^*' > 0. 

Therefore, recalling that vo{x,y) = yP~^e"'^^^~^^y by (j2.9p . we obtain 

/ Km/ - /mptrdxdy < — , m > 1. (A.l) 

But Vol((^, ro) = JfflKi dxdy < oo, while 

/ IZ-Cm/Ptf^xdy = / 1(1 -Cm)/Ptt) dxdy < / \f\'^xvdxdy, 

and so, because Wm^n^ao Vol(^ \ ff^-, It)) = and ||/||i,2(^ < oo, we have 

lim 11/ - Cm/||L2(^ „) = 0, 

by Exercise 1.12]. In particular, we may choose mo > 1 such that 

/ 1/ - Cm/I^tt) dxdy < — , m> m^. (A.2) 

Hence, 

11/ - /m||L2{^,re) < 11/ - Cm./||L2(^'^„) + ||Cm/ " fm\\L'^(0,m) 

<£, Vm > mo, fbv (lATTl) and (1X2]) ). 
This completes the proof. □ 

Using a more careful choice of cutoff function, based on \2A\ Lemma 7.2.10], we can extend the 
conclusion of Lemma lA. II to include the case (3 = 1: 

Lemma A. 5 (Cut-off functions with integral norm decay). There is a positive constant c such 
that the following holds. For any N > 4 and e > 0, there is a C°° cutoff function ip = ipN,e on M 
such that 

fl if\y\>e/2, 
I if \y\ < e/iV, 



and satisfying the following estimates: 
\'^Hy)W'' dy< 



c222-/3(/3 - l)-i(logAf)-V-i, i//3 > 1, 
^2c2(logiV)-i, ifP = l. 

Proof Fix a C°° cutoff function, (/> : M [0, 1], such that <j){t) = 1 if i > 1 and (/)(t) = if t < 0. 
Now define a C°° cutoff function x = Xn : M — )• [0, 1], depending on the parameter A'', by setting 

log A + 1 



X{t) := (t> 



log A - log 2 
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x{t) 



Therefore, 

ift>-log2, 
^0 ift<-logA^, 
and there is a positive constant c independent of N such that 

log iV + t \ 1 



dx 


< 




dt 







log iV - log 2 



log iV - log 2 



< c- 



1 



logN 

Now define the cutoff function ip = ipN,e '■ ^ 
setting 

'4>{y) ■= xC^oglvl -loge), ye 
and observe that ip satises the following pointwise bounds, 

1 



[0, 1], depending on the parameters N and e, by 



and 



Consequently, 



If /? > 1, 



|VV(?/)| < c- 



y\logN 



y GM\{0}, 



1 if \y\ > e/2, 
if \y\ < e/N. 



I 

Jm. 



\Vi^{y)\Vdy< 



2c' 



(logiV)2 i,/^ 



e/2 



y^-^dy. 



\Vi;{y)\^\y\^ dy < 



2c' 



(logAf)2 



:i/2) 



(l/AT) 



< 



222-/3 



(/3-l)(logiV)^ 



If/3 = 1, 



|V^(2/)|2|y|^dy < r'\-Uy< ^"^^ (logiV-log2), 

(logAf)^ y^/AT (logA^)^ 



□ 



(logiV)2y,/^ ^ "^-(logiV)2 

and the conclusion follows. 

We now extend Lemma lA.ll to include the case /3 = 1 : 
Lemma A. 6 (Equivalence of weighted Sobolev spaces when /3 > 1). When /3 > 1, one has 

Remark A. 7. Since only the boundary Tq is material in its proof. Lemma lA.61 can be strength- 
ened to assert that H^{0',Xo) = H^{0'uri,to) when /3 > 1. 

Proof. Lemma lA.ll covers the case /3 > 1, so it suffices to consider /? = 1. From the proof of 
Lemma lA. 11 it is enough to estimate the term 



yu^\VVm(.y)\Mx,y)dxdy= / u^\V^m{y)\^ye-''y-^^''^dxdy 

< '^ll^lli-(^) / iV^mM^ye-^^'dy. 
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In Lemma I A. 5 1 choose e = 2/m,m > 5 and N = m and cpm = ''Pe,N, so that 

/ \ViPmiy)\''ye~''ydy<c\\ogmy\ m>5. 



Therefore, 



and the result follows. □ 
We recall the classical 

Theorem A.8 (Hardy inequality). [25l §1.5], [Ml Theorem 5.2], [HI Lemma 1.3], Chapter 
1], [Hal Equation (0.32)], [SUl Theorem A.3] Let 1 < p < oo, /3 / p - 1. Let v : {0,oo) ^ R be 
dijferentiable a.e. on (0, oo) such that 



\v'{y)\Py^ dy < oo. 



Further, let v satisfy the conditions 



v(0) = lim v(y) = for /3 < p — 1, 
v{oo) = lim v{y) = for /3 > p — I. 

y^oo 

Then the following inequality holds: 

\v{yWy^~Pdy < (^-^-^J j^^ \v'iyWy^ dy. (A.3) 

See [35] for a survey of extensions of Hardy's inequality. Next we recall a special case of a 
result of Kufner [60]. If C M'' is a bounded domain and T C dff, denote W'''P{ff; dx, e) by [Ml 
§3.3] 

W'''P{ff;dT,e) := L{ff) :\\u\\wk,p^(f.dT,s)<^^ Va,|a|</c|, (A.4) 
where 1 < p < oo, A; > is an integer, e G M, dxix) := dist(2;,r),x S ff, and 



I \\P 

l'"llH/'=.P{^;dT,e) 



V / \D"u{x)\PdUx)dx, 



\a\<k' 

and D'^u is defined in the sense of distributions [Ml §1], and denote L^'((^; dr, e) = W^'P{&;dT,£)- 
Require that T obey a uniform exterior cone condition in the sense of [601 Definition 4.10 and 
Remark 7.5]. We have the following analogue of the density result [21 §3.17 &: Theorem 3.18], 
[3T1 Theorem 5.3.3] for standard Sobolev spaces. 



Theorem A. 9 (Density of smooth functions for power weights). [601 Theorems 7.2, 7.4, Remark 
7.5, Proposition 7.6 and Remark 11.12 (iii)] Let be a bounded, 'io^ domain in the sense of 
|601 Definition 4.2] and require that T obey a uniform exterior cone condition. Then C°°{ff) is a 
dense subset ofW'^'P{ff;dT,e) for e > -I. 

Remark A. 10 {'if^ domains). If ^ has the strong local Lipschitz property in the sense of [21 
§4.5] (compare the concept of a '^'^'^ domain in [60] Definition 4.3]), then iff will be a 'if^ domain; 
moreover, if has the strong local Lipschitz property, then by [21 §4.7] it has the segment property 
in the sense of [21 §4.2]. When is bounded, then the condition that ^ have the strong local 
Lipschitz property reduces to the condition that dff is locally Lipschitz (that is, each point in di? 
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has a neighborhood U d & such that U n d& is the graph of a Lipschitz function). In particular, 
when 6 in Definition 12.61 obeys Hypotheses 12.71 and 12.91 when /c = 1, then necessarily has the 
strong local Lipschitz property (see [21 §4.7]) and thus is a '^'^ domain. 

As a consequence of Theorem IA.91 we obtain 

Lemma A. 11 (Equivalence of definitions of weighted Soboley spaces). Let G he a domain as in 
Definition \2.(A If 0' is bounded, obeys Hypothesis 2.1, and dG is locally Lipschitz, and then, 
for any (3 > 0, 

H''{0, ro) = W'''^{0; dro,f3 + k-l), k = 0,1,2. 

Proof. The deriyatiyes appearing in the definitions of H^{i^,xv) and VF^'^(^; drg , /? + k — 1) are 
defined in the sense of distributions and so it is enough to show that the norms associated with 
these weighted Sobolev spaces are equivalent. This is clear when fc = 0, so it is immediate that 
L\i?,^) = W'^^^{i?;dr„p-l). 

By Hypothesis [121 there is a (5o > such that {y < yo} = Tq x (0, 5q). Let x G C°°(IHI) be 
a cutoff function such that x = 1 on M x [0, (5o/2) and x = on M x (Jq, oo). 

Choose k = 1 and e = (5 and suppose u G H^{0, to). Then, 



I l|2 

I^IIVKi.2(^?;dro,/3) 



/ [y\Du\'^ + yu^) y^-^ dxdy (by ((S3I)) 
< / {y\Du\^ + {I + y)u^) y^-^ dxdy 

<{ inf e-^l^l-'^M / [y\Du\^ ^{\ + y)u^)yf^-^e-^\''\-^y dxdy 
= C|I^IIhH^» (by Definition [235D, 

where C := inf(x,s/)e^' e"'^'""'"''^ > since ^ is bounded, and thus u € VK^'^(^; dro; /3)- Hence, 
H^{ff,Xo) C VFi'2'(^;dro,/3)- On the other hand, if u e VF1'2(^; dp,, /3), then 



u^y^ ^ dxdy < / {xu)^y^ ^ dxdy + / u^y^ ^ dxdy 

J^n{y<5o} Jffr\{y>&o/2] 

<C {xu)ly'^+'^ dxdy + u^yl^'^ dxdy (Theorem [Ajj) 

Jm{y<&o} Jffn{y>5o/2} 

<C [ uly^^^ dxdy + C f u^{y^'^^ + /"^) dxdy, 

<cf + uV,.4y (since bounded), 



li^n{y<So} Jt?n{y>5o/2} 
noting that Theorem IA.8I applies since /3 + 1 > 1 for /? > and xu{-, Sq) = 0. Therefore, 



n^/-! dxdy <C {ul + u^)y^ dxdy. (A.5) 
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Consequently, using sup(2. e"'^'^'"'^^ < oo as i^? is bounded, 

= / {y\Du\'^ + i^ + yW)y^~^e-^^''^-''ydxdy (by Definition EH]) 



<( sup e-Tl^l-'^^l / (y|Dn|2 + (l+y)n2)/-^dxdy 
<C [ {y\Du\^ + yu^) y^'^ dxdy (by (jMl)) 



= C\\uf^,ai^^.^^^,p) (by (II3D). 

Hence, u G H^{e,^) and so W^''^{&;dTo, P) C H\ff,rv). Thus, H\ff,rv) = W^'^{ff; dr^, P)- 
Choose k = 2 and e = /3 + 1 and suppose u G H'^{ff, ro). Then, 



l7/l|2 



= [ {y^\D\\^ + y^\Du\^+y\^)y''-Uxdy (by (USD) 

<C {y^\D'^u\'^ + (1 + y^)\Du\^ + (1 + y)-"^) /"^ rf2;(iy (since ^ bounded) 



<C{ inf e-Tl^l-'^^ 

X / {y^\D\\^ + {l + y^)\Du\'^ + {l + y)u'^)y^-^e-^\''\-^'ydxdy 
^ C'||n|||^2(^ ^) (by Definition 12.201 and as & bounded), 

and so u G W'^''^{ff; dr^, /3 + 1). Hence, H'^{ff,n)) C W'^''^{ff;dro, /3 + 1). On the other hand, if 
u e W'^''^{ff;dro, f3 + 1), then the derivation of (jA.SP shows that 



n^/-! dxdy <C {ul + u^)y^+^ dxdy, (A.6) 



while 



/ |Z)u|2/-i dxdy < / {{xu)l + (xn)2) dxdy + / drrdy 

Je J ffr\{y<So} ' J 6'r\{y>5Q/2} 

< [ {{XU)ly + iXufyy) y^+' dxdy 

J(^n{y<5o} 

+ / \Du\^yf^~^ dxdy (TheoremEHD 

J&r\{y>5n/2\ 



< 



< 



ffn{y>So/2} 

{y^ly + <jy) y^-^' dxdy 
+ / (\Du\^y^-^ + \Du\^y^+^ + n2/+i) dxdy 

\ {uly + uly) y'^^^ dxdy 

j0n{y<So} 

+ / (l-Dn|^ + u^) dxdy (since ^ bounded) 

J€>'n^y>5n/2\ 
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noting that Theorem IA.8I applies since /? + !>! for /3 > and x^(") ^o) = 0. Therefore, 

/ \Du\^y^-^dxdy<C f {\D'^u\^ + \Du\'^ + u^)y^+^dxdy. (A.7) 
Consequently, by Definition I2.20| 

= (y'l^'^P + (1 + y^)\Du\^ + (i + y>^) /-^e-^i^i-'^^ dxdy 



< sup e-^l^l-'^J' 



^ {y^\D\\'^ + (1 + y2)|£)up + (1 + y)u^) /"^ dxdy 
< C / (y^l-D^np + (1 + ?/2)|Dup + (1 + y2)u2) /-i d^d?/ (as ^ bounded) 
<C [ (y^|-D^n|2 + y^|-Dn|2 + y^u^) y^-^ dxdy (by (jM]) and (TOD l 

= ^^lkll^2,2(^;dr,^,/3 + l) (by(II3D). 

Hence, u G il2(^,tt)) and so VF2'2(^; dpo, /3 + 1) C i?2(^,rti). Thus, we obtain H'^{0','m) = 
W^^\i^;dT,,P + l). □ 

We have the following analogue, for our domains (Definition I2.6P and weighted Sobolev spaces 
(Definitions IZTSl and YTM . of the density result [H Theorem 3.18], jSI] Theorem 5.3.3] for 
standard Sobolev spaces. 

Corollary A. 12 (Density of smooth functions in weighted Sobolev spaces). Let 0' be a domain as 
in Definition \2.6\ such that G obeys Hypothesis \2.7\ and dff has the strong local Lip schitz property. 
Then C^{^) is a dense subset of H^i^^Xo) for [3 > and k = 0, 1,2. 

Proof. Fix e > and let {^m}m>o be a sequence of bounded, Lipschitz subdomains of ^ such 
that Um>o^m = ^ and C i^m+ijVm > 0, together with a sequence of cutoff functions 
C C^(]HI) with suppxm C ^m, Xm = 1 on ^m-i, and ||Xm||c2(H) < K,\/m > 1, for 
some universal constant K > 1 independent of m. (For example, we may take := ^r]B{m+l), 
m > 0, where B{R) is the open ball in with center at the origin and radius R > 0.) Because 
IIXm||c2(H) ^ K,\/m > 1, for A; = 1,2, we have 

11(1 - Xm)t'||Hfe(^„,ra) < co|b||/^fc(^^^\^„„j,„), yv e H^{^m),W), (A.8) 

where cq = co{K) > 1 is a universal constant independent of m > 1 or u G H^{^m), w). Theorem 
IA.9l and Lemma lA. 1 1 1 implv that there exists a sequence {um}m>i such that, for each m > 1, we 
have Um G C°°{^m) and 

Wu-UraWu^i^ff^^ro) < m > 1. (A.9) 

Since ||it||fi-fc(^^ro) < oo, we may choose mo > 1 large enough that 
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Therefore, noting that supp XmUm C ^m, 

< ^ + 11^ ~ ''^rn\\H''{^^,m) + 11(1 ~ Xm)'Um||//fc(^„,rt,) 

(by (jA.lOp for m > mo) 

< ^ + Colkm||Hfe(^?„\^„_i,w) (by ^AM and dXH])) 

e II II II II 

^ 2 + '^o||^i||//fe{<?„\^„_i,rt,) + co\\u - nm||/ffc(^„\^„_i,„) 

e 

< e, V?n > mo (by (lAlOll and (IX9]l ). 

Consequently, the sequence {Xm'Um}m>i C C^{S') converges strongly in H^{i^,tv) to n € 
H^{ff,Xv) and this completes the proof. □ 

We then have the following analogue of [21 Theorem 3.16]: 

Corollary A. 13 (Meyers-Serrin theorem for weighted Sobolev spaces). Let be a domain as in 
Definition \2. such that & obeys Hypothesis \2. 7| and dG has the strong local Lipschitz property. 
Then H^{G, w) is the completion of C°°{G) n H''{G, to) for f3 > and k = 0,l, 2. 

Proof This follows from Corollary [AlSl since C^(^) C C°°(^) n F*^(^, «)• ^ 

Recall from [21 §1.26] that for each integer £ > 0, C^{S') denotes the Banach space of functions 
u E C^(G) for which D^u is bounded and uniformly continuous on for < |a| < £, with norm 

ll^llc^f^) ™ax sup \D'^u{x,y)\. 

By Definitions ElSj and [2201 one sees that C°{^) C if°(^,tt)), ^ > 0, and C^(^) C H^iG,m), 
i > 1, and C^{d) C -ff^(i^, ro), £>2. We have the following analogue, for our weighted Sobolev 
spaces, of [21 §3.17 & §3.18], [HI Theorem 5.3.3]: 

Corollary A. 14 (Density of functions with bounded derivatives). Let be a domain as in 
Definition \2. such that & obeys Hypothesis 2.1 and dG has the strong local Lipschitz property. 
Then the Banach space C^{^) is a dense subset of H''{ff,m) for (3 > 0, k = 0,1,2, and all 
integers i > k. 

Proof. The space C^(^) is a dense subset of H^{&,XK)) for /3 > 0, /c = 0,1,2, and all integers 
l>k because, a fortiori, C^(^) is a dense subset of H^{0', xo) by Corollarv IA.12I □ 

Remark A. 15. When A; = 0, Corollaries IA.121 IA.131 and IA.14I also follow from Lemma IA.4I 
because, a fortiori, C^(i^) is a dense subset of L^(^, tt)). 

A. 2. Continuous and compact embeddings. The continuous Sobolev embedding theorem 
[2] does not hold in general for weighted Sobolev spaces on unbounded domains and partial 
results such as [6H Theorem 18.11] are not applicable to our choice of weights in Definition 12. 151 
However, we have the following partial analogue of the standard Sobolev embedding theorem [2]. 

Lemma A. 16 (Sobolev embedding). Let be a domain as in Definition \2. 6\ such that dff obeys 
the uniform interior cone condition. //O < a < 1, then ff^(^, tt)) C C^"^(€?' U Fi). 



98 P. DASKALOPOULOS AND P. FEEHAN 

Proof. Observe that H'^{ff,rv) C Hf^^{ff). Let i^' C be a bounded domain such that d' C 
^UTi and ^' obeys the uniform interior cone condition. If n G H^{i^,Ki), then u G H'^{0") and 
thus u e CiS"), < a < 1 by [a Theorem 5.4, Part II (C")]. Therefore, u e C^^^i^ U Ti). □ 

The Rehich-Kondrachov compact embedding theorem does hold in general for weighted Sobolev 
spaces or unbounded domains [2], [61] and so we avoid its use in this article. When restrictions 
are added one has partial results, for example: 

Theorem A. 17 (Compact embedding for weighted Sobelev spaces). Let 0" be a domain as in 
Definition \2.b\ and require, in addition, that is bounded and has the uniform cone property. 
Then the emheddings 

H^{0,m) ^ L^{0,tt)) and H^{0,to) ^ L'^{ff,Xv), 
are compact if and only if (3 > 1 and, respectively, l3 ^ 1. 

Proof. Because of Lemma I A . 1 1 1 and the fact that L^(i^,tt)) = L'^{0,y^~^dy) for bounded ^, the 
result is a special case of |6H Theorem 19.17] (see |6H §15.6 & 16.10] for their definitions of 
weighted Sobolev spaces). □ 

See Antoci [3] and Goldshtein and Ukhlov j46| for more recent results and surveys. Rather than 
the usual Rellich-Kondrachov compact embedding theorem, we instead make use of the following 
folk theorem in compactness arguments. 

Theorem A. 18 (Weak convergence implies strong convergence). [53 ( 175 1 [97] Let (Q, S, v) 

be a positive, totally finite measure space and let {un}'^=i be a sequence which converges weakly 
to u in L°°(0,S,z^), that is Un ^ u in L°^{Q,Ti,iy). Then {un}'^=i converges strongly to u in 
LP{Q, S, u), that is Un ^ u in U'{il, S, fi), for 1 < p < oo. 

Corollary A. 19 (Weak L°° convergence implies strong convergence). Let {unj^i be a se- 
quence which converges weakly to u in L°°{0,tv), that is ^ u in L°°{0',w). Then {it„}^j^ 
converges strongly to u in L^(i^, to), that is Un ^ u in LP{0, w), for 1 < p < oo. 

Proof Set ($7,S,i/) = {0, ^{0),m dxdy) and recall from ([22]) that 

tt,(x, y) = /-^e-^l^l-™, (x, y) G M. 



Hence, 



m{x, y) dxdy < oo. 



and the result follows from Theorem I A. 181 □ 

We can strengthen the preceding corollary to obtain another useful compactness result which 
we employ in proofs of several key results. 

Corollary A. 20 (Existence of convergent subsequences). Let 1 < r < q < oo and suppose 
M G L'5'((^, tt)) and M > a.e. on G . Let {unj^i C U\G ,Vo) be a sequence such that 

\un\<M a.e.onG,n>\. (A. 11) 

Then there is a subsequence, relabeled as {un}'^=i, which converges strongly in L'''(^, tt)) to a limit 
u G m0,xv). 
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Proof. By (jA.lip . we have 

\un\/M<l a.e. on i^,Vn > 1, 

Define r<p<oobyl/r = l/p + 1/q. Therefore, Corollary IA.19I imphes that, after passing to a 
subsequence, 

Un/M u strongly in L^(^, ro), 
for some u £ U'{0',vo). Set u := Mu and observe that u G U'{ff,m), since ||M'u||j^r(^ „,) < 
l|-^l|L9(<5»||u||LP(^',m)- 

\\Un - u\\L^{\v,ff) < WiUn - w)/M||ip(„_^) ||M||iq(„_^) Vn > 1, 

and consequently, because ||-/Vf||j;^<j(^^^) < oo, 

Un ^ u strongly in tt)), 

as desired. □ 

We shall also need the following well-known convergence results (see, for example, [9], or |64| ) : 

Theorem A. 21 (Convergence in measure implies convergence pointwise a.e.). Let (r2,S,i/) be 
a complete measurable space with v^i}) < oo. Let {/n}n>i a sequence of measurable functions 
such that fn^fin measure as n ^ oo. Then there exists a subsequence, relabeled as {fn}n>i, 
such that fn^f pointwise v-a.e. on 

Corollary A. 22 (Convergence in L^ implies convergence pointwise a.e.). Let (J7,S,i/) be a 
complete measurable space and let 1 < p < oo. If {fn}n>i is a sequence of measurable functions 
such that fn ^ f in L^{Q.,v) as n ^ oo, then fn ^ f in measure as n ^ oo; if in addition 
u{n) < oo, then after passing to a subsequence, fn^f point wise v-a.e. on Q. 

Proof. For any e > 0, then 

viiPGn-. \fiP) - /„(P)| >e})= [ l{|/_/„|>,} diy 

Jn 

and since lim„^oo 11/ - fn\\LP{Q,u) 0, then 

hm u{{P€n: \f{P) - fn{P)\ > e]) = 0, 

n— >oo 

as desired. Theorem IA.21I vields the remaining conclusion. □ 

A. 3. Boundary trace operators. We recall the following special case {p = 2) of the definition 
of extension operator in jJl §4.24]. 

Definition A. 23 (Extension operator). For a domain ^ C M'^ (with d > 2) and an integer 
/c > 1, we call a bounded linear map E : H^{^) — )• H^{Mf^) a simple k-extension operator for ^ 
if Eu = u a.e. on ^ and H-EuHji^fe^igd) < ||n||j|^fc(-^) for some constant K > depending only on 
and k. The operator E is called a strong k-extension operator for ^ if for each < i < k, the 
restriction of E to H^{'W) is a simple ^-extension operator for 

According to [21 Theorem 4.26] if is a half-space or has the uniform C'^-regularity property 
with bounded boundary d'^ , then has a strong fc-extension operator; furthermore, from [21 
§4.29] the domain can have a strong fc-extension operator even when is not bounded 
provided ^ is regular enough that [21 Equation (4.28)] holds, a relatively mild requirement. In 
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our applications, we shall often use a variant of Definition IA.23I where M"^ is replaced by the 
half-space H C M'^. 

The following result is a special case {p = 2) of [21 Theorem 5.22] (and extension of \31\ 
Theorem 5.5.1] in the case k = 1 and is bounded): 

Theorem A. 24 (Boundary trace theorem). Let ^ C M'' (with d > 2) be a domain having the 
uniform C'^ -regularity property {k > 1) and suppose there is a simple k-extension operator E for 
^ . Then there exists a hounded linear operator 

such that Tqo^/u = u\q^/ when u G H^{U) Pi Cioc{^) and 

\\Tu\\i2{^Qc^j) < C||u||^fc(<jj^), 

for some constant C depending only on 

We have the following analogue of Theorem IA.24I for our weighted Sobelev spaces. 

Lemma A. 25 (Fi-boundary traces of functions in weighted Sobolev spaces). Let G he as in 
Definition \2.6\ and suppose that, for an integer A: > 1, (i) Fi has the uniform C'' -regularity 
property, (ii) there is a simple k-extension operator from G to H, and (iii) the intersection ofT\ 
with Fq is -transverse^, that is, Fi (ti Fq. Then there are hounded linear operators, 

T^^^jj : H'^{G,tv) ^ L'^{TinU,K)) when k = 1, (A.12) 
T^^: H^{G,tt)) ^ L^{ri,m) k = l, (A.13) 
T^^: H^{G,tt)) ^ H^{ri,tt)) k = 2, (A.14) 

for U :=M. X {6, oo) and any 6 > 0, such that 

Ttidu'^ = '^kinu when u G Cioc{GuTi), 
T^^u = y^^^ulr, when u e Cioc{G UTi), 
Ty^u = ti|ri when u G C}q^{G U Fi). 

Proof. We shall provide a detailed proof in the case where the domain is a quadrant, that 
is 1^ = (3:0,00) X (0,00), so Fq = (xo,oo) X {0} and Fi = {xq} x (0, 00). The general case 
for a domain G permitted by Definition 12.61 follows using a partition of unity and boundary- 
straightening via C'^'-diffeomorphisms of EI as in the proofs of the extension and trace theorems 
for standard Sobolev spaces [H Theorems 4.26 &: 5.22] or |3H Theorems 5.4.1 &: 5.5.1]. The 
additional regularity conditions on Fi are required for these boundary straightening arguments. 

The trace operator T^^^u : H^{G,vo) L'^iVi n C/, tt)). We first assume u £ C^{G). Let 
C G C°°{m) with < C < 1 on M, C = 1 on M X [(5,oo), C = on M X [0,5/2], and C{x,y) = 
C{y),\/{x,y) G in (that is, ^ is constant with respect to x G M). Therefore, noting that dS = dy 



Hypothesis 12.71 implies that the intersection of Fi with To is C°°-transverse. 
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along Fi, 



ll^rinc/^llL2(rinc/,w) = / u^rvdS< (u^wdy 

= - ( Cn^y''~"^e~'^l^l"^^ ) dxdy (integration by parts) 

= - [ (CxW^ + 2Cuu^-7sign(x)C'u2^/-ie-Tl^l-'^^dxd?/ 

<C [ {Cul + {C + \Cx\W)^dxdy 

<C {yul + {I + y)u'^)w dxdy 
Jff 

< (by Definition EED, 

where C = C((5, 7). Hence, 

ll^rinc/^llL2(rinc/,w) < C\W\\m{o',n), Vn G C^(^). 

Thus, recahing that C^(^) is a dense subset of H^{ff,tv) by Coronarv lA.14l if {n„}„>i C 
is any sequence converging in H^{ff,m) to u £ iJ^((^, ro), the sequence {tin|rinl/}n>i is Cauchy 
in L^(ri n U,to) and converges to a function T^_^^^u £ L'^{Ti fl U,Xo). 

Finahy, if u G H^{^, m) Ci Ciod^ U Ti), then (as in the proof of [311 Theorem 5.5.1]), we may 
appeal to the fact that the sequence {un}n>i C C^(^) constructed in the proof of Corollary IA.14I 
(specifically. Theorem IA.9P converges uniformly on compact subsets of ^ U Fi to n on ^ U Fi. 
Hence, T^^^uU = u\r^nu u e H^{ff,tti) n Cioc(^U Fi). 

The trace operator T^^ : H^{0',m) L'^{Ti,Ki). As in the case of T^^^u, for u £ C^(^) we 
have 



n-.i ||2 



= / yu^W dS = I yu^to dy 
Jti Jti 

= — ( n^y'^e"'^'^'"'^^ ) dxdy (integration by parts) 

= - [ {2uu^ - 7 sign(x)7x2) /g-^l^!-'^*^ dxdy 
J e 

<C {ul + u^)ytt) dxdy 
Je 

<C {y\Du\'^ + {I + y)u^)xv dxdy 



= C||u||^i(^^) (by Definition [2TT5]), 

where C = (7(7). Hence, 

ll^ri'"llL2{ri,ro) < C\\u\\Hif^ff^n), Vn G 
The conclusion follows just as in the case of T^^^jj- 
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The trace operator T^^ : Id) — ;> H^{Ti,\x>). We first assume u £ C^(^). Integration by 

parts gives 

J y\ul + ul)wdS = - J ((^2 + n2)/+ie-^l^l-'^J^) dxdy 

[2u^u^^ + 2uyUy^ - sign{x){ul + n^)) y/^+ig"^!^!-^?^ dxdy 

J 

<C'hllH2(<)» (by Definition ElQ]), 
where C = C(7). Similarly, 

/ yu'^ndy<C / y{u\ + u^)mdxdy^ 
Jfi Jff 

for a universal constant C. Therefore, by Definition 12.20^ 

/ {y\ul + ul) + (1 + y)u^) ndy< C\\u\\% 

where C = C{'y), and we obtain 

ll^ri'"ll//i(ri,ro) - C'||u||^2(^^n,), Vu G 

Thus, recalling that C'^{S') is a dense subset of i?2(^,tt)) by Corollarv lA.14l if {un}n>i C 
is any sequence converging in H'^{ff,)xi) to n G H^{iff,'m), the sequence {n„|ri}n>i is Cauchy in 
H^{Ti,tv) and converges to a function T^^u G -ff^(ri,tt)). 

Finally, if u G H'^{i^,m) H Cjq(,('^ U Fi), then we may appeal to the fact that the sequence 
{un}n>i C C^(i^) constructed in the proof of Corollary lA. 141 (specificallv. Theorem lA.9p . together 
with its sequences of first-order derivatives, converge uniformly on compact subsets of i^U Fi, to 
u and its first-order derivatives on U Fi. Hence, T^_^u = n|ri if n G H'^{0', tt)) n C/qc(^ ^ ^"i)- 
This completes the proof. □ 

Defining trace operators for the boundary portion Fq requires more care: 

Lemma A. 26 (Fo-boundary traces of functions in weighted Sobolev spaces). Let G be as in 
Definition \2.6\ and require that G ohey^ Hypothesis \2. 7\ Then there are bounded linear operators, 



T^f : H\G, tt)) ^ L^To, e-^l^l(ix), < /? < 1, (A.15) 

r^;^ : H^{ff,Xo) L'^{ro,e-^\'=kx;R^), ^ > 0, (A.16) 

such that 

T^'^u = u\ro when u G Cioc{G U Fq), 

tI'^u = y^Du\Y,, when y^ Du G Cioc{G U Fo;M^). 

Remark A. 2 7 (Existence of Fq boundary trace operators). When < /3 < 1, |601 Theorem 
9.15 & Equation (9.42)] suggests that a trace operator T^'^ : H^{G,m) L2(^, e'^l^lfix) is 
well-defined, but we shall not need this refinement. However, when /3 > 1, Fg-traces of functions 
in H^{0',)xi) generally will not exist Examples 9.16 & 9.17]. 



It is enough that Fi is C'^ in a neighborhood of To and the intersection of Fi with To is C'"-transverse. 
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Remark A. 28 (Domain of the boundary trace operator T^'^). Using Hardy's inequality (The- 
orem lA.Sp . one can show when < /3 < 1 that T^'^ extends to a bounded hnear map from 
H^{iff,m) or even H^{ffUTi,tti) to L'^{To,e-^\''\dx), but not from H^{ff,K>) or H^{ffUTo,tti) to 
since the proof of Lemma IA.26I shows that one would need u = on Tq (trace 
sense) when applying Hardy's inequality in this situation. 

Proof of Lemma \A.2(K As in the proof of Lemma IA.251 we provide a detailed argument when 
& = (xo,oo) X (0,oo), so Lq = (xojOo) X {0}, with the general case for & following with the aid 
of a partition of unity and boundary-straightening. 

The trace operator T^;" : H'^{&,Xo) ^^(ro, e-^l^ldx) (0 < /3 < 1). We first suppose u e 
C2(^). Let C G C°°(]H[) with < C < 1 on M, C = 1 on M x [0, 1/2] and C = on M x [l,oo). 
Then, noting that dS = dx along Fq, 

/ u^e-'^\''\dS = [ Cu^e-^^'^Ux 

{Cu'^)ye~'^^^^ dxdy (integration by parts) 
= - / {Cyu^ + 2Cnny)e"^l'^l dxdy 

< [ QCylu'^ + '^C\u\\uy\)e-^\''Uxdy 

< / {\Cy\u'^ + 2C\u\\uy\)y^~^e~^\''\~''y dxdy (because < /3 < 1) 

<C f {ul + u^)y^-^e-^\''\->'y dxdy 
Je 

<C {\Duf + u'^)tvdxdy, 

for C = C{fi), and thus, by Definition [220l 

\ML^(ro,e-'Mdx) < C\\u\\h2^^^^), e C2(^). (A.17) 

Thus, recalling that C'^{S') is a dense subset of H'^{ff,tt)) by Corollary EUl if {n„}„>i C C'^{S') 
is any sequence converging in H'^{0',tv) to n E H'^{ff,'m), the sequence {n.«|ro}n>i is Cauchy in 
L2(ro,e-^l^ldx) and converges to a function T^'^u G L2(ro, e-^l^ldx) when < /3 < 1. 

Finally, if ?x € H'^{ff,w) n Cioc(^U Fq), then, we may appeal to the fact that the sequence 
{un}n>i C C^(i^) constructed in the proof of Corollary |AT4] (specifically, Theorem lA.OP converges 
uniformly on compact subsets of ^ U Fq to it on ^ U Fq. Hence, T^'^u = u\ro if « E i?^(^, tt)) n 
Cioc(^UFo). 
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The trace operator T^'^ : H^{ff,tv) L^^^q, g-'^l^ldx) (/? > 0). Similarly, if u G C'^{S') but 
allowing any /3 > 0, we obtain 

/ y^^\Du\^e-"'\^\dS = [ Cy^^\Du\^e-"'\^\ dx 

= — {(^y"^^ \Du\'^)ye~"'^^^ dxdy (integration by parts) 

= - [ {yCy\Du\^ + ^yCiu^u^y + UyUyy) + 2CP\Du\^) y2/5-ie-^l^'l dxdy 

< I {{yKy\ + '2CP)\Du\'^ + 2yC\Du\\D'^u\)y^-^e-'^\''\dxdy 
Jff 

(since supp C, C [0, 1] and /3 > 0) 
<(^^ I {v\Cy\+2Qp + C'^)\Du\^ + y'^\D^u\^)yl^-^e-^\''\-^'y dxdy 

<C [ {y^\D\f + {l + y)\Du\^)y(^-^e-^^''^-^ydxdy 

<C I {y^\D^u\^ + {l + yf\Du\^ + {l + y)u^)xodxdy, 

for C = C{fi), and thus, by Definition [2201 

Thus, recalling that C'^{S') is a dense subset of H'^{ff,tt)) by Corollary I A. 141 if {n„}„>i C 
C^(^) is any sequence converging in H'^{0',vo) to u G H'^{ff,Xo), the sequence of weighted 
gradients {y^ Dun\To\n>i is Cauchy in L^(ro, e~'^l^'l(i2;, M^) and converges to a limit T'^'^u G 
L2(ro,e-'^l^ldx,M2 when /? > 0. 

Finally, if -u G H^{ff,tti) and /Du G Cioc(^ U Tq; M^), then, we may appeal to the fact that 
the sequence {u„}„>i C C°°(^) constructed in the proof of Corollary lA. 141 (specificallv. Theorem 
IA.9j) has the property that y^Dun converges uniformly on compact subsets of ffUTo to y^Du G 
Cioc(^uro;M2). Hence, T^'^ = y^Du\ro if ^ ^ H^i^,m) and yl^Du G C7io,(^ U Tq; M^). □ 

We have the following analogue of |3H Theorem 5.5.2] for the Tq boundary portion of d^: 

Lemma A. 29 (Fo-trace zero functions in {if?" , to)) . Let G he as in Definition \2.6\ and require 
that G obeys Hypothesis \2.7\ When < /3 < 1 and u G H'^{G, to), 



u G HQ{ff U Fi, ro) if and only if T^^u = a.e. on Fq, 

Remark A. 30. The result is false when /3 > 1. For example, when = H, the constant function, 
n = 1, is in Hl{n,xv) by Lemma EH 

Proof of Lemma\Aj^ Suppose first that u G i?o (i^ U Fi, tr). By the Definition [2T5] of i/^(^ U 
Fi, ro) and the Definition l2.20l of H'^{G, ro), there exists {um}m>o C Cg (i^UFi) such that Um ^ u 
in H'^{ff,tt)). As the trace operator, T^'^ : H'^{G,w) L2(Fo, e"'^l^ldx), is bounded by Lemma 
1X26] and Tp ^ Um — on Fq for all ?Ti > 0, we deduce that Tp^ u — a.e. on Fq, as desired. 
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Conversely, suppose that T^^u = a.e. on Fq. Hence, by the proof of Lemma lA.261 there 
exist {um}m>o C C^(^) such that, as m — )• oo, 

Um u in H^{ff,rv), (A.18) 
T^;%^ = n^|ro ^0 inL2(ro,e-^l"ldx). (A.19) 

It suffices to consider the case ^ = H, so Tq = M x {0} and Fi = 0, since the general case for 0" 
as in Definition 12.61 follows by standard methods |31l Proof of Theorem 5.5.2]. Then, 

Urn,y{x,z)dz 



and 



Thus, 



and 



\Um[x,y)\<\Um{x,Q)\+ / \Ur,^^y{x , z)\ dz. 





\Um{x,y)\'^ < 2\Uni{x,0)\'^ + 2 \Uni,y{x,z)\ dz 

rv 

<2\um{x,0)\'^ + 2y \um,y{x,z)\'^ dz, 
Jo 



\u„,{x, 2/)|2e-^l^l dx<c( [ |n^(x, 0)|2e-^l^l dx 

+ y r [ \Durn{x,z)\'^e-^\''\dxdz 



<c( [ |n„,(x,0)|2e-Tl^l(ix 



+ y 1^ [ \Du^{x,z)\^z'^-^e-^^''^-'''dxdz] , 

Jo Jr J 
for < /3 < 1 and < y < 1. 

Letting m — t- oo and applying (jA.lSP and ()A.19p . we deduce that 

, z)prD(2;, z) dxdz, 

Jo Jr 

for < /3 < 1 and < y < 1. 



(A.20) 



Let C G C°°(M) satisfy C = 1 on (oo, 1], C = on [2,oo), and < C < 1, and write Cmix,y) := 
C{my), (x, y) G H, and set 

Wm := u{l - Cm), m > 1. 

Then 

Wm,x = Ux{l - Cm), Wm,y = Uy{l - Cm) " inuCy{m-). 
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Consequently, 

ll'" - ■»'m||^i(^,ro) = I [y {Qm\Du\'^ + 2muUyCmQy{m-) + vf? Cl{m-)u^) 

J o 

+ (1 + y)Cm^^^} 
< / l{o<j/<2/m} {y\Du^ + (1 + y)'^) y) dxdy 

The integral Im converges to zero as m — t- oo, since 

J 0' 

To estimate the term Jm, we apply (IA.20p . 
Jm = Cm^ 




smce 



\u 



\J0 JM. J 

<Cm~^^ I I \Du\'^tv{x, z) dxdz as m — )• oo, 
Jo Jr 

\H^{ff,w) = {y^l^^P + (1 + y'^)\Du\^ + (1 + y)u^] "'(x, y) dxdy < oo. 



Consequently, the term also tends to zero as m — t- oo, and we conclude that Wm — ?• n in 
tt)) as m — 7- oo. But Wm = on M x [0, 1/m) and we can therefore mollify the Wm to 
produce functions S Cq(BI) such that Um u in H^(ff,n) as m — t- oo using the method of 
proofs of [HH Theorems 5.3.1 & 5.3.2]. Hence, u G H^{ff U Ti, ro). □ 

We also have the following analogue of |3H Theorem 5.5.2] for the Ti boundary portion of d^: 

Lemma A. 31 (Fi-trace zero functions in H^(ff,ix))). Assume the hypotheses of Lemma \A.2^ 
with k = 1. For all f3 > and u £ H'^{0',K)), 



u 



£ Hq{& VJTq,xo) if and only if T^-^u = Q a.e. onVi. 



Proof, li u Hl{^ yj To, w) then, just as in the proof of Lemma |A.29|, we have Tp n = a.e. on 
Fi by now appealing to Lemma lA.251 Conversely, if Tji n = a.e. on Pi, it is straightforward 
to adapt the proof of [31J Theorem 5.5.2] (and simpler than for Lemma IA.29P to show that 
n G Foi(^uro,rti). □ 

Although the boundary properties under discussion in Lemma IA.32I will be superseded in the 
sequel to this article by verifications that solutions to the problems considered in this article 
are at least in Cjq^(^ U Fq), nevertheless they provide insight when coupled with Example IC.ll 
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Lemma [A . 261 shows that for all z G [0, (5o)i where Jq is as in Hypothesis 12.71 there is a well-defined 
trace operator 

Ty : H\^,w) ^ L2(ro,e-^l^l(ix), (A.21) 
such that TyU = y^{pux + aUy)\YQx{y} when yi^Du G Cioc(^ U Fq; M^). 

Lemma A. 32 (Equivalence of boundary conditions). Let 6 he as in Definition \2.6\ and require 
that G obeys Hypothesis \2. 7\ Suppose u G H'^{&,Vo). Then there is a positive constant C = 
C{/3,'y, fi, p,a) such that 

||Tj/?x-To?x||ii(ro,e-7i-ida;) < C"/ l^ll , < y < Sq. (A.22) 

Moreover, y^ (pUx+crUy) = on Fq (trace sense) if and only if y^ {pux+cruy) in L^{Tq, e""^!^! dx) 
as y I 0. 

Proof. Denoting vj := y^{pux + cuy), then 

w{-,z) - w{-,0) = Wy{-,y)dy, < z < Sq. 
Jo 

But Wy = y^~^{pux + (yuy) + y^ipuxy + cruyy), and thus 
To 

< / r \wy{;y)\e-'<\-\dydx 



To Jo 



1/2 



yf^ ^{pux + CFUy) + y'^ipuxy + cruyy)\e "^l""! dxdy 

<ef' j {\pux + (JUy\ + y\puxy + auyy\) /-ig-^l^l-'^?^ dxdy (for < z < 1) 
rox(o,z) 

= e^ j {\pux + auy\ + y\puxy + cruyy\) to dxdy 

(yuyy\f' It) dxdy J 

< CVolV2(^^,tt)) + WyDM 

<CVolV2(^,,tt))||n||^2(^», 
where ■= Tq x (0, z) and C = C{p,p,a). Moreover, 

„tt))= J y^-^e-^^'^^-i'y dxdy 

To X (0,2) 

poo pz 

< 2 / e"^^ dx / 
Jo Jo 



/37 

Combining these observations gives ()A.22p . 
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Suppose y^{pux + cruy) = on Fq (trace sense). Then Tqu = a.e. on Fq and ()A.22p implies 
that 

Tyu = y^{pua:{;y) + auy{;y)) ^ in Li(Fo, g-Tl^l) as y ^ 0. 

Conversely, if y^{pux + auy){-, y) — )■ in L^(Fo, e"'^'^') as y — )■ 0, then ()A.22p implies that Tqu = 
a.e. on Fq. Hence, y^{pux + cruy) = on Fq (trace sense). □ 



A. 4. Weighted Sobolev spaces and the chain rule. We have the following version, for our 
weighted Sobolev spaces, of the analogous results for the standard Sobolev space H^{0') given by 
[g Equations (2.5.44) & (2.5.45)] (who also include Hl{ff)), [HI Lemma 7.6], and ^ Corollary 
2.1.6], for certain types of weighted Sobolev spaces. 

Lemma A. 33 (Weighted Sobolev spaces and the chain rule). Let u,v £ HQ{ff U T,n)), where 
T C 9^ is relatively open. T/ien u^, |n|, max{n, v}, minju, u} G H^{ff U T,xo) and 



DiU 



Di\u\ 



Di maxjii, u} 



Di min{ii, 



\ DiU, 


n > 0, 


l». 


u < 0, 




n > 0, 


\-D,u 


n < 0, 


(DiU, 


u> 0, 


0, 


u = 0. 


(-DiU 


u <0, 


(DiU, 


U > V, 


0, 


U = V, 


[DiV 


U < V, 


DiV, 


U> V, 


< 0, 


U = V, 


DiU 


U < V. 



Proof. For the case of u^ and \u\ =u~^ + u~, together with T = 80' so Hq{0\JT, w) = H^{ff, ro), 
the result follows from the proof of |44l Lemma 7.6], which translates from H^{0') to H^{i?,tx}) 
without change. (Note that our convention, x~ = max{— x,0} = — min{x,0}, is opposite in sign 
to that of dH p. 152].) Because max{u,v} = u + {v — u)~^ and u,v £ H^{ff,to), it follows that 
max{u,v} E H^{ff,n). Similarly, as mm{u,v} = u — {v — u)^ and u,v £ H^{if,w), it follows 
that mm{u,v} G H^{0,w). 

When T ^ dff, it suffices to consider the case of u"*", as the remaining cases follow as above. 
The proof of [44 ^ Lemma 7.6] for uses the approximation to u~^ given by 



feiu) 



(^2+g2)l/2_^^ ^>0^ 
0, M < 0, 



for e > 0. But if u G 



U T), then /<.(«) G C^(^ U T). Thus, if w = on T (trace sense), 
then fe{u) = on T (trace sense). The remainder of the proof of [441 Lemma 7.6] now shows 
that u+ G i^,J(^ur,rD). □ 
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A. 5. An application of Hardy's inequality. Theorem IA.81 with p = 2, yields the following 
version of Proposition 12.401 without assuming 6i = when < /3 < 1: 

Proposition A. 34 (Continuity estimate via Hardy's inequality). Assume the coefficients of A 
and constant 70 satisfy the hypotheses of Proposition \2.36l Then 

\a{u,v)\ <C\\u\\v\\v\\v, yue H^{ff,m),v £ H^i^UTi^n), (A.23) 

where C is a positive constant depending at most on the coefficients r,q, k,6, p, a. 

Proof Recall that H^{ffuri,tv) = H^{0', xo) when /? > 1 by LemmalXland RemarkE?! When 
/3 < 1, we require v G Hq{0' U Pi, tu) to ensure = on Pq (trace sense). By Definition 12.151 we 
may assume without loss of generality that v S Cg°(i^U Pi) when /? < 1 and v G Cq°(i^ U Pi) 
when /3 > 1 by Corohary El2] and Remark [A3 Let if £ C°°(l) be such that < < 1 on M, 
f{y) = 1 for y < 1, Lp{y) = for y > 2, and \ f'{y)\ < 2 for ah y E M. 

Suppose suppw C {xq,xi) x (0, 00). Theorem I A. 8 1 vields. for all x £ {xo,xi), 

»1 />oo 

v^{x,y)y'^^'^ dy < / \ip{y)v{x,y)\'^y^^'^ dy 



-J^^Ti^j^ W{y)vy{x:V) + V>'{y)v{x,v)\''y^ dy (bydAD) 



<C i\vl + v^)y^dy, 







where the constant C depends at most on f3. Observe that 

rxi roc 

\\y~^^'^v\\h(t?m) = / y'^v'^Ki{x,y)dydx 
Jxo Jo 

Xi rl /-Xi /-oo 

xq Jo Jxq Jl 

The first integral obeys 

r C y^-^v^e-'^\''\^^y dydx < H ( dy) e^^l^l 

Jxo Jo Jxo \Jo J 

< C (^j^ y^{vl + v"^) dy^ e-^l^ldx 
<C n y{vl + vV^e-^^''^-''ydydx 



xo J 

Xl fOO 



Jxo Jo 



The second integral obeys 



Xl roo px\ poo 

J 1 Jxo Jl 

pxi poo 

< / / v^y^-^e-'^\''\-''y dydx 

Jxo Jo 
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Combining these two integral estimates yields 

The result now follows by combining the preceding estimate with (|2.3U|) . □ 

Appendix B. The Lax-Milgram theorem and a priori estimates 

We summarize a few consequences of the Lax-Milgram theorem which we use throughout our 
article. We first recall the classical 

Theorem B.l (Lax-Milgram theorem). [SH Theorem 6.2.1], [HI Theorem 5.8] Let V he a Hilbert 
space. Suppose b : V xV ^ M is a continuous bilinear function, that is, there is a positive constant 
ci such that 

\b{u,v)\ < ci\\u\\v\\v\\v, yu,veV, (B.l) 
which is coercive, that is, there is a positive constant C2 such that 

b{u,u) > C2\\u\\l., yueV. (B.2) 

Then for each f £ V' , there exists a unique u £ V such that 

b{u,v) = f{v), yveV. (B.3) 

Corollary B.2 (A priori estimate for Lax-Milgram solutions). Let b : V xV and C2 > be 
as in Theorem \B.l\ and let f & V . If u £ V is a solution to ()B.3p . then 

\\u\\v < (l/c2)||/||y', (B.4) 

where 

\fiv)\ 

' = sup -TT—r . 

i;ev\{o} W'^Wv 

Suppose H is a Hilbert space such that V ^ H ^ V' , via inclusion and h i— t- {h, ■)h respectively, 
and that \v\h < If f ^ H , then 

\\u\\v < {l/c2)\f\H. (B.5) 
Proof. We may assume without loss that u ^ 0. Then (IB.ip and ()B.2p give 

\\ufv < {1/C2)b{u,u) = {1/C2)f{u) < (1/C2)||/|| v'\\u\\v, 

and ()B.4p follows. When f £ H, observe that 

i'ey\{o} W^Wv vev\{o} Mh v£H\{o} \'^\h 
and this yields (jB.Sp . □ 

The following observations will be useful when constructing solutions to variational inequalities. 

Lemma B.3 (Bilinear forms and weak limits). Suppose b : V x V ^ M is a continuous bilinear 
form on a Hilbert space V . Let {u„}„>i, {vn}n>i C V be sequences such that Un ^ u £ V weakly 
and Vn ^ V £ V strongly. Then 

(1) liuin^oo Kun, v) = b{u,v); 

(2) lim„_^oo b{un, Vn) = b{u, v); 

(3) Ifb:VxV^Mis coercive, then b{u,u) < liminf„_j>oo ^("Uru ^^n)- 
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Proof. By the proof of [3H Theorem 6.2.1] (via the Riesz Representation Theorem [31^ §D.3]), 
there is a bounded, hnear operator B : V ^ V such that 

b{u,v) = {Bu,v)v, yu,v G V. 

Moreover, ii B* : V ^ V is the adjoint operator defined by {Bu, v)v = {u, B*v)v, for ah u,v & V, 
then 

hm b{un,v) = hm {Bun,v)v = hm {un,B*v)v = {u,B*v)v = iBu,v)Y = b{u,v). 

n— >oo n— >oo n— >oo 

This proves (1). Since weakly convergent sequences are bounded [HU §D.4], there is a positive 
constant K such that ||?in||v ^ K,\/n > 1. Then (jB.ip yields 

\b{Un,Vn) - b{u,v)\ = \b{Un,Vn) - b{Un,v) +b{Un,v) - b{u,v)\ 

< \b{Un,Vn - v)\ + \b{Un - U,v)\ 

< CiK\\Vn - V\\v + \b{Un,v) - b{u,v)\, 



and so (2) follows from (1). When 6 : y x y — M is coercive, then u i— t- \/b{u, u) defines a norm 
on V which is equivalent to \\v\\v and thus (3) follows from [31] §D.4]. □ 

Appendix C. Explicit solution to the elliptic Cox-Ingersoll-Ross equation 

The following example illustrates some of the subtleties surrounding the boundary behavior of 
solutions to the elliptic Cox-Ingersoll-Ross equation, and thus the Heston equation, near Tq. 

Example C.l (Elliptic Cox- Ingersoll- Ross equation and confluent hypergeometric functions). 
When the source function, /, in Problem 12.281 is independent of x, it is natural to consider 
/ S L^(M_|_,m) with m{y) := y^~^e~'^^ and examine the problem of existence, uniqueness, and 
regularity of weak solutions u G i7"'^(M+,m) to the elliptic Cox-Ingersoll-Ross equation, 

Bu = f a.e. on M+, (C.l) 

that is 

b{u,v) = (/,t')L2(K+,,.),Vt; e Fi(M+,m), (C.2) 

where 

Bu := -—yuyy - K{e - y)uy + ru, 



and 

b{u, v) :- 



with (noting that the definition here differs slightly from that of Definition I2.15P 



Hi(R+,m) •" 



/ (yzvl + u^) mdz. 



Theorem 13.41 shows that there exists a unique solution u € (M+ , m) to ()C.2p , while Theorem 
15.171 shows that u G i?^(M-)_, m), where (noting that the definition here differs slightly from that 
of Definition ^TM 



I ||2 1(22 

l'"llH2(M+,m) 



/ {z^vl^ + {l + z^)vl+)m dz. 
Jr+ 



Lemma 12.291 implies that this u solves (jC.ip . and also obeys the weighted-Neumann boundary 
condition, 

/n'(0) = 0. (C.3) 
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It is instructive to examine the question of uniqueness of solutions to (jC.ip with the aid of exphcit 
formulas from [1, §13]. Suppose / = in (jC.ip . Writing z := fiy = 2Ky/a'^ and v{z) := u{y), the 
equation Bu = on ]R_|_ becomes 

2^22 + (/3 - - = on M+, (C.4) 

where a := t/k G M. This is the Kummer equation with solution [1] §13.1.11] 

v{z) = ciU{a,l3,z) +C2M{a,(3,z), z£R+, (C.5) 

where ci, C2 G M and M{a, /3, z), U{a, /3, z) are the Kummer or confluent hypergeometric functions 
[H §13]. For any /? > 0, one knows that M{a, /3, z) ~ z~'^ + z"'~^e^ as z — ^ oo [U §13.5.1] and thus 
M ^ i?^(M_|_,m) and we must have C2 = 0, where we now write the weight as xn{z) = z^~^e~^. 

For any /3 > 0, one knows that U{a,j3,z) ~ z"" as z — >• oo [U §13.5.2]; for /? > 1, one has 
U{a,(3,z) ~ z^-l^ as z ^ by [B §13.5.6-8]; for 13 = 1, one has U{a,f3,z) ~ log z as z ^ by [H 
§13.5.9]; and, for < /3 < 1, one has f/(a, /?, z) ~ z^"^ as z ^ by [H §13.5.10] and [/^(a, /?, z) = 
-aC/(a + 1,13 + l,z) ~ z"/^ by [B §13.4.21 & §13.5.8]. Therefore, U ^ H^{R+,m) when /3 > 1 
while U e H\R+,m) when < /3 < 1. But ;7^^(a,/3,z) = a(a + l)C/(a + 2,/3 + 2,z) ~ z"^"! 
by [H §13.4.22 & §13.5.6]. Therefore, zC/^^ ~ z"^ as z ^ and so U if2(M+,m) by Definition 
12.201 Consequently, we must have ci = in ()C.5h . (Equivalently, Uz ~ z~^ as z — )■ and so 
C/2 ^ L^(]R+,m) and therefore ^7 ^ ff^ (M"*" , m) by Definition 12.201 ) Hence, n = is the unique 
solution in ifi(M+,m) to (IClTl) when / = 0. 

Observethatasz ^ Owe have C/(a,/3,z) ~ r(l-/3)/r(l+a-/3) [H §13.5.10] and z/^U^ {a, (3, z) ~ 
-ar(/3)/r(a+l) by P §13.4.21 & §13.5.8], and so the boundary conditions t;(0) = or zl^v^iO) = 
also imply that ci = 0. 

Lastly, suppose that / G C"(M+) and € C"'"(M+) is a solution to Bu = / on M_|_. If 
ns(0) / and, when 0</3<l, cGM \ {0} is chosen such u := Us + cU obeys n(0) = 
(that is c = -Us{0)/U{0)), then u G C(M+) n C^(R+) solves Bu = f on M+ and n(0) = but 
u^C^{R+). □ 
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